Continuous Limit of a Chemotaxis Model

Tilmann Glimm
Western Washington University, USA

joint work with M. Alber, N. Chen and P. Lushnikov
University of Notre Dame

Seminar at Institute of Fundamental Technological Research of the Polish
Academy of Sciences, Warzsawa, August 2006

V 08-22



Continuous Limit of a Chemotaxis Model

Outline

1 Introduction
Modeling multicellular behavior: Continuous and discrete models
The Cellular Potts Model



Continuous Limit of a Chemotaxis Model

Outline

1 Introduction
Modeling multicellular behavior: Continuous and discrete models
The Cellular Potts Model

2 The general problem of the continuous limit of a discrete model
Basic idea and techniques



Continuous Limit of a Chemotaxis Model

Outline

1 Introduction
Modeling multicellular behavior: Continuous and discrete models
The Cellular Potts Model

2 The general problem of the continuous limit of a discrete model
Basic idea and techniques

3 A special 1-dimensional Chemotaxis Model
The chemotaxis model
Results



Continuous Limit of a Chemotaxis Model

Outline

1 Introduction
Modeling multicellular behavior: Continuous and discrete models

The Cellular Potts Model

2 The general problem of the continuous limit of a discrete model
Basic idea and techniques

3 A special 1-dimensional Chemotaxis Model
The chemotaxis model
Results

4 Numerical Comparison
Methods
Results



Continuous Limit of a Chemotaxis Model

INTRODUCTION: Modeling multicellular behavior



Continuous Limit of a Chemotaxis Model Introduction

Example 1: Life cycle of slime mold Dictyostelium discoideum
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http://biology.kenyon.edu/Microbial Biorealm/eukaryotes/dictyosteliida/dictyosteliida.html
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Composite photograph of Dictyostelium discoideum life cycle

Photo by Mark Grimson and Larry Blanton, Texas Tech University
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Example 2: Cell Sorting

Randomly mixed differentiated cells can sort out

Simulation by James Glazier and F. Graner
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Example 3: Organogenesis in early development:
Precartilage condensation

Stuart A. Newman, NYMC



Continuous Limit of a Chemotaxis Model Introduction

Basic “Ingredients” for pattern formation in multicellular

systems



Continuous Limit of a Chemotaxis Model Introduction

Basic “Ingredients” for pattern formation in multicellular

systems

1. cell movement



Continuous Limit of a Chemotaxis Model Introduction

Basic “Ingredients” for pattern formation in multicellular

systems

1. cell movement

2. cell differentiation



Continuous Limit of a Chemotaxis Model Introduction

Basic “Ingredients” for pattern formation in multicellular

systems

1. cell movement

2. cell differentiation

3. cell proliferation and death



Continuous Limit of a Chemotaxis Model Introduction

Basic “Ingredients” for pattern formation in multicellular

systems

1. cell movement

2. cell differentiation

3. cell proliferation and death

4. cellular secretion and absorption of extracellular scaffolding
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Goals of Mathematical Modeling

e to explain biological processes that result in observed phenomena

e to predict previously unidentified phenomena

e to guide experiments



Continuous Limit of a Chemotaxis Model Introduction

Why Modeling?



Continuous Limit of a Chemotaxis Model Introduction

Why Modeling?

e simplify overwhelming complexity by forcing a hierarchy of importance
- identify key mechanisms



Continuous Limit of a Chemotaxis Model Introduction

Why Modeling?

e simplify overwhelming complexity by forcing a hierarchy of importance
- identify key mechanisms

e failure of models can identify missing components
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Discrete vs. continuous models

e discrete models:
represent cells as (collections of) lattice sites
(simplest model: green- - - cell; red- - - ECM)

e continuous models:

represent cells via cell density p(x, t) (continuous variable of space x
and time t)
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Continuous Models

p(x,t) =density of cells at location x, time ¢
spatiotemporal evolution governed by partial differential equations

% = —V - J + cell death/proliferation + cell differentiation

Here J =cell flux due to various phenomena, e.qg.

e Jjitfusion = —DV p Brownian motion (Fickian diffusion)

¢ Jehemotaxis = xVe(x,t) chemotaxis up the gradients of a chemical
c(z,t)
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Discrete models

e Cellular Automata Models
at every time, situation is represented by a configuration of the lattice
time evolution: deterministic or probabilistic rules for updating lattice
Examples: - Brownian motion: each cells jumps to a randomly se-
lected neighboring lattice site with a certain fixed probability
- Conway'’s “Game of Life”

e Lattice-gas Cellular Automata
every occupied lattice site has a (discretized) velocity
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Cellular Potts Model

Cellular Potts Model (CPM):
— computational framework for simulating multicellular behavior
— based on Potts model from statistical physics

(Incomplete) List of Applications:

e Glazier/Graner(early 90s): testing Steinberg’s differential adhesion hy-
pothesis

e Marée et al. (late 1990s+): fruiting body formation of Dictyostelium
discoideum

e COMPUCELL group (2000s): modeling chondrogenesis in vertebrate
embryos

e Turner/Sherratt (1990s): tumor growth

e ETC
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Cellular Potts Model: Set-up

1
medium

;
prespore amoeba4
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Cellular Potts Model: Set-up

1
medium

' |
Hamiltonian (energy)= interaction energy + volume constraint energy + sur-

face constraint energy+chemical energy

E= ). Jr(o)m(op) TV >, (Vi- V%‘”“get)Q

sites i, cells o;

+ cg Z (Si_starget)Q‘I' Z po; C;

cells o; cells o;
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Cellular Potts Model: Metropolis Monte Carlo Algorithm

1. Choose a random site 7
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Cellular Potts Model: Metropolis Monte Carlo Algorithm

1. Choose a random site 1
2. Choose a random cell index o’
3. Decide if the index o of the site ¢ should be “flipped” to o’

1 AE <O

Problo = o) = {exp(—ﬁAE) AE>0’

(Here AE = Eytter — Epefore @nd 3... 1 /temperature.)
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Example 1
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Picture of Chondrogenesis Simulation with CPM (COMPUCELL group)
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Example 2: Cell Sorting

Randomly mixed differentiated cells can sort out

Simulation by James Glazier and F. Graner
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THE GENERAL PROBLEM OF THE CONTINUOUS LIMIT OF A
DISCRETE MODEL

19
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Continuous Limit

Suppose we consider some discrete model

Let Pepp(x,t) =probability that location x is a center of mass of a cell at
time ¢

Problem of continuous limit: For a given discrete model, find a PDE
governing the temporal evolution of Pcpp(z,t)

Vast literature for point-wise discrete models (Alt, Othmer, Stevens, T. New-
man, etc.)

Turner, Sherratt, Painter, Savill (2004) Derivation of diffusion equation for
1-D Potts without chemical energy
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Why is the continuous limit intersting?
e more analytical, more and faster computational tools are available for
PDEs

e often matching parameter values of discrete models to measurements
Is hard. (Example: Cell-cell interaction strength in CPM.) Parameters
in PDEs are often easier to determine.

e Theoretical interest. Consistency of different models
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Scaling with small e eAzx, €At
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Basic Technique
T~ d) T (x,0)

‘e’

x— 28Ax x— &Ax x x+ &Ax x+ 28Ax

Ax - - - constant spatial interval; At - .- constant time interval
Scaling with small e eAzx, €At

P(z,t+e2At) =(1 =T (z,t) — T (z,t)) P(z, t)
+TH(x — ez, )Pz — eAx, t)+T (z + eAz, t) P(x + Az, t)

Taylor expansion in e, throw away terms O(e3)
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Example

T— =Tt = const:
sOP  STAz?9?P
E —=¢
ot At Ox?

+ 0(®)
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Example

T— =T g const:
oOP TAz2 2P
2 2 3
© Ot - At Ox2 (%)

Diffusion equation, D = T Axz? /At
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CONTINUOUS LIMIT FOR A CPM CHEMOTAXIS MODEL

24
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Chemotaxis 1 D Cellular Potts Model

eAx

—

\ \ | | | | \

\ \ | | | | \
lattice site

dex 0 1 2 3 4 5 6 7

‘ | | | | | | | |
distance from | ! ! ‘ ‘ ‘ I 1 T
origin x 0 %EAz 1%5Az 2%5Az

E = E(zcp, L) = Jem(2L + 2Az) + AL — Lp)? + pe(zep) L

c(x) - - - external chemical field
L ---cell length
xco)f - - center of mass
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Chemotaxis 1 D Cellular Potts Model

distance from ‘

| | | | | | | |
I
origin x 0 %eAz 1%&‘AI 2%5Az

E = E(zcp, L) = Jem(2L + 2Az) + AL — Lp)? + pe(zep) L

c(x) - - - external chemical field

L ---cell length

xco)f - - center of mass

Potts parameters:

Ly ---target length, X---cell length constraint parameter, u - --chemical
energy parameter, Jqm, - - - cell-medium interaction energy parameter
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Result 1: “Full” PDE

Let p(x, L,t) be the probability distribution for the cell location and cell
length.
Up to O(e), one gets the following PDE:

8;P(z,L,t) = D(82 + 407)P + 8DBNOL(LP) + DBLud: [Pc’(:c)]
where:

2
D = 80"+ 0(e),

L=1L- L), Lin(z) = 2Jcm‘2|‘),iLC(CU)




Continuous Limit of a Chemotaxis Model A CPM chemotaxis model .

Result 2: “Reduced” PDE

Let p(xz,t) = fj’of)o P(x, L,t)dL be the probability distribution for the cell
location.



Continuous Limit of a Chemotaxis Model A CPM chemotaxis model .

Result 2: “Reduced” PDE

Let p(xz,t) = fjrogo P(x, L,t)dL be the probability distribution for the cell
location. Assuming Boltzmann distribution of cell lengths, one gets:
Op

a =D - (932;19 + 8%()((33) -p@a;c).



Continuous Limit of a Chemotaxis Model A CPM chemotaxis model .

Result 2: “Reduced” PDE

Let p(xz,t) = fjrogo P(x, L,t)dL be the probability distribution for the cell
location. Assuming Boltzmann distribution of cell lengths, one gets:

0
=D 92p+ 0a(x() - pdec).

where:

2
D =211 0(),

x(z) = (Qﬁ):ﬁu
7= 8% exp (=BA (L — [Ly — Lin(2)])?) LdL + O(e)

With Ly, (z) = 2emFpca)




Continuous Limit of a Chemotaxis Model A CPM chemotaxis model .

Result 2: “Reduced” PDE

Let p(xz,t) = fjrogo P(x, L,t)dL be the probability distribution for the cell
location. Assuming Boltzmann distribution of cell lengths, one gets:

0
=D 92p+ 0a(x() - pdec).

where:

2
D =211 0(),

x(z) = (Qﬁ):ﬁu
7= 8% exp (=BA (L — [Ly — Lin(2)])?) LdL + O(e)

With Ly, (z) = 2emFpca)
For “reasonable” parameter ranges (v/BA[L7 — Lm(x)] >> 0), approxi-
mation:

x(z) = 8At “Bu (L — Lin(@)) + O()
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Derivation of Keller-Segel model

If the cells also secrete the chemical, we get the Keller-Segel model

%
8_§ = Dc-agc—l—kcp—kdp

%

2= D 92p+ 0u(x() - ps)
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NUMERICAL VALIDATION
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