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Clusters made of a small number of close solid spherical particles at a random configuration,
sedimenting through a viscous fluid at small Reynolds number, were experimentally investigated at
a short-time scale. The cluster settling velocities were measured and shown to be well approximated
by the ensemble-averaged formula derived earlier for the uniform distribution of the point particles
inside a spherical volume. It was emphasized that the “effective radius” of this volume in general
should be smaller than the actual radius of a cluster made of the spheres, and the relation between
both radii was determined. The formula was also shown to account well for the gravitational settling
of rigid conglomerates, measured and computed elsewhere. © 2009 American Institute of Physics.
�DOI: 10.1063/1.3168615�

I. INTRODUCTION

The problem of falling suspension droplets is well stud-
ied and the interest in this subject dates back to Refs. 1–5.
Clouds made of a large number of randomly distributed solid
particles settling under gravity close to each other in a vis-
cous fluid evolve in a remarkable way.4–8 For a long time,
most of the particles recirculate and stay together within a
single almost spherical blob, which very slowly flattens and
forms an expanding torus. Suddenly, the torus starts to de-
stabilize in a cascade of breakups, observed both experimen-
tally and numerically.5,6,8

The blob made of a large number of particles sediment-
ing in a liquid can be approximated as a viscous fluid droplet
falling in a less dense fluid, with the interface replaced by a
jump in the value of the particle concentration. The basic
hydrodynamic description of the spherical system is the
same as that formulated by Batchelor2 for a bubble of a pure
liquid rising up in a fluidized bed. Inside a spherical blob,
both particle and fluid velocity fields satisfy the Hadamard–
Rybczynski formula, with viscosity increased by the en-
trapped particles. Such a blob evolves in a similar way as a
liquid drop made of a heavier fluid.5

However, in numerous industrial, biological, and medi-
cal applications, it is also of interest to study clusters made
of a small number of close microparticles settling under
gravity in a fluid. Settling velocities of rigid clusters of
touching spheres have been evaluated and measured for vari-
ous regular geometries.9,10 In general, however, initial con-
figuration of close spheres is random, the particles move
with respect to each other, and the cluster has an irregular
shape. Most of the previous studies of such clusters with a

small number of close particles at random configurations
were based on qualitative observations only.4

It is obvious that the hydrodynamic description using the
Hadamard–Rybczynski formula, defined for continuous
phases, cannot elucidate physics of very small clusters of
particles because the continuous description becomes totally
depreciated if the number of entrapped particles is small. For
example, it has been recently shown that even a hundred of
particles is not the sufficiently large number for the rapid
destabilization of the cluster, always observed for dense-
suspension drops made of at least thousands of particles.8 On
the other hand, numerical simulations using discrete descrip-
tion of individual settling particles, including hydrodynamic
interactions between their close surfaces is time consuming,
and design of accurate numerical algorithms are challenging.
Therefore for practical applications, searching for approxi-
mate descriptions is a target to help predicting sedimentation
velocity when only the blob geometry and physical proper-
ties of the fluid are known.

Therefore the goal of this paper is to perform both quali-
tative and quantitative experimental analyses of groups made
of a small number of close particles at a random configura-
tion, falling in a viscous fluid, and to model its settling theo-
retically. The focus is to investigate motion of the clusters
and individual particles at the short-time scale, when the ini-
tial distribution of the particles has not been changed too
much.

For the uniform N-particle distribution inside a spherical
volume of radius R, in the low Reynolds number regime, for
the Stokes equations and the point-particle approximation,
statistical mechanics has been recently used to derive the
ensemble-averaged particle and fluid velocity fields.7 The
following expression for the ensemble-averaged cluster set-
tling velocity has been obtained:
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V = U0�1 +
6�N − 1�a

5R
� , �1�

where a is the sphere radius, and U0 is the Stokes settling
velocity of a single sphere.

In this paper, we aim to check if the above point-particle
result can be useful for compact clusters of spherical beads
close to each other, when the lubrication effects are present.
We focus on clusters made of a small number N�15 of
spherical beads with random initial positions. The settling
process is experimentally investigated at the short-time scale.
The settling velocity of clusters is measured and compared
with the ensemble-averaged relation �1� for the uniform dis-
tribution of point particles.

II. EXPERIMENTS

A. Experimental system

Experiments were performed in a glass-wall vessel with
an inner cross section of 200�200 mm2 and a fluid height
of 340 mm. To minimize thermal fluctuations, the vessel was
inserted in a larger container creating thermal insulation by a
gap of air between bottom and sidewalls. In the experiments
a 95% glycerin-water mixture �in mass fraction11� was used
as the ambient fluid. To minimize absorption of water from
the air, most of the time the mixture was covered by an
insulating cap. The temperature of the fluid inside the vessel
was continuously measured with two thermocouples situated
near two opposite vertical walls of the container. It was equal
to 24.2 °C, with the 0.4 °C variation arising from the tem-
perature change from experiment to experiment. The viscos-
ity of the mixture was measured with a Hoppler KF 10 vis-
cometer within temperatures between 20 and 30 °C �with
step 2 °C� and interpolated by an exponential curve.11 In this
range, viscosity changed from 0.265 to 0.579 Pa s. From
these measurements, the viscosity at 24.2 °C was �
=0.413�0.003 Pa s. The density of the fluid was � f

=1.23�0.01 g cm−3.
The container was backlit by fluorescent bulbs. A diffu-

sive paper sheet was placed between the light bulb and the
container to homogenize the illumination. A charge coupled
device digital camera �Basler A102F� having a resolution of
1392�1040 pixels was used to record the cluster images
with an acquisition rate of 15 frames/s. It was controlled
through IEEE1394 interface under Linux operating system.
Exposure times less than 6 ms were used. The maximum
distance traveled by the clusters during the exposure time
was less than a half of the pixel.

The camera was fixed in front of the sedimentation ves-
sel. The measuring section of 39 mm vertical and 29 mm
horizontal size was centered at 155 mm from the free surface
to avoid wall effects. The minimum distance from the falling
clusters to the walls and the free surface was greater than 50
cluster sizes.

Spherical glass particles having a density �p

=2.51�0.01 g cm−3 were used. The clusters were prepared
by introducing particles one by one onto the tip of a plastic
syringe filled with the fluid. A small drop containing all the
particles was formed at the tip of the syringe. The drop was

released at 20 mm above the free surface. While falling un-
der gravity in a fluid, most of the particles formed a compact
cluster. Its motion was registered by the camera. The major-
ity of the clusters kept all the beads together while sediment-
ing in the fluid, while others lost one or several particles
behind. From almost 40 experimental runs, only experiments
in which the number of particles in a cluster remained con-
stant and was known exactly during the measurement were
analyzed.

Figure 1 shows a monomodal radius distribution of the
particles that can be well represented by a mean value and a
standard deviation. The mean radius for all the measured
particles �nearly 200� was �a�=0.264 mm, with a standard
deviation �=0.015 mm �5.7% polydispersity�.

Due to polydispersity of the beads used in the experi-
ment, higher accuracy was reached when the radius of each
particle was measured directly from the camera images. The
images with the least overlapping and the best visibility of
all particles were chosen. For the specific experiment, the
radius of each sphere was measured by circumscribing each
particle with a rectangular frame and calculating an average
of its height and width. For each cluster, the mean particle
radius a was calculated by averaging radii of all the particles
at the selected image. The radius uncertainty �a /a
=2%–4% was calculated by averaging the uncertainty of a
single particle radius determined from the experimental im-
age. For a given experiment, the polydispersity was defined
as the ratio of the radius standard deviation to the mean
particle radius a. The study was focused on clusters with
particle polydispersity less than 10%.

The characteristic Stokes velocity was also calculated
separately for each experiment,

U0 =
2g��p − � f�a2

9�
, �2�

with the viscosity of the mixture of glycerin and water �
	��T� evaluated for the specific temperature T of the given
experiment. For different experiments, U0 varied from 0.435
to 0.534 mm/s mostly because of the particle polydispersity.
Uncertainty of a single measurement of U0 was evaluated in
a standard way using uncertainties of fluid and particle den-
sities, particle radius, and fluid viscosity. �U0 varied from

FIG. 1. Distribution of radii of the particles in all the clusters investigated
experimentally �measured from the images�.
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0.020 to 0.040 mm/s with the largest contribution from the
particle radius uncertainty �a /a.

For our experimental conditions, the particle Reynolds
number was Rep=U0a� f /�
4�10−4, and the Stokes num-
ber St=U0a�p /�
8�10−4. We neglect Brownian motion
because of the Péclet number, computed as Pe
=6��U0a2 / �kBT�
6�1010.

B. Testing experimental conditions

For a uniform fluid viscosity and density, a single par-
ticle should have a constant velocity while settling at a low
Reynolds number. To test the experimental system, motion of
a single sphere far from the container walls was observed.
Variations in time of the single sphere settling velocity were
investigated. For a single experimental trial, nine images
were selected at equal time steps �ti= �ti+1− ti�
15 s be-
tween the beginning and the end of the measurement. At
each image, the particle was localized using a circular cursor.
The positions in time �x�ti� ,z�ti�� of its center were mea-
sured. Successive values of the particle settling velocity were
determined as Ui= �z�ti+1�−z�ti�� /�ti. For a single trial, the
differences between Ui were small, with the standard devia-
tion around 1% and �max�Ui�−min�Ui�� / �Ui�=3%. The ob-
served velocity variations were consistent with the 3% un-
certainty of a single measurement related to the camera
resolution. The horizontal component of the particle velocity
did not exceed 0.5%.

Insignificant horizontal velocity components measured
for the settling single-bead suggested that effects of natural
convection in the container can be neglected. To verify this
conjecture a particle image velocimetry �PIV� �Ref. 12� tech-
nique was used to obtain residual velocity field in the con-
tainer. For the PIV measurements hollow glass spheres of
radius 5 �m were used as a seeding. A light-sheet illumina-
tion was introduced, perpendicular to the optical axis of the
camera. Two consecutive pictures were taken separated by
�t=123 s. The velocity field was evaluated using “in house”
developed PIV code. The measured velocity of the tracers
did not exceed 0.01 mm/s, which corresponds to less than
2% of the single-bead settling velocity. During these tests the
thermal conditions inside container were monitored using
four thermocouples situated near vertical walls. The differ-
ences between readings from thermocouples were less than
0.2 °C. It was concluded that with the temperature differ-
ences �0.2 °C natural convection can be neglected. There-
fore, two of the thermocouples were left in the container
during the experiments. The temperature differences between
the readings did not exceed 0.2 °C and in this way we en-
sured that the convection was negligible.

As the last test of the apparatus, 22 spheres were re-
leased one by one in separate runs, and values of their set-
tling velocities were measured. The single particle velocity,
averaged over all the 22 trials, was equal to 0.505 mm/s,
with a standard deviation �=0.055 mm /s. To compare this
value with the Stokes formula, the radius of each sphere was
measured on one of the images in each trial. The mean cal-
culated Stokes velocity over all the 22 trials was 0.530 mm/s,
with the standard deviation �=0.058 mm /s. The 5% differ-

ences between measured and calculated particle velocities
gave us the upper limit for the experimental accuracy.

III. RESULTS

A. General description of settling clusters

The released clusters settled at a distance of approxi-
mately 300 particle diameters until they reached the obser-
vation section. Most of the clusters were loosing single par-
ticles or groups of particles while settling at irregular time
intervals. There were clusters which did not loose any par-
ticle for a long time. Therefore we focused on clusters which
kept a constant number of particles while being observed by
the camera.

The released clusters consisted of 4�N�15 particles.
Vertical sizes of the clusters ranged within two to five par-
ticle diameters. The height of the observation section was
approximately 80 particle diameters that was over 20 aver-
age cluster sizes. These conditions allowed a high accuracy
of measuring the particle positions. For each experiment,
characteristic properties of the cluster motion are listed in
Table I.

A number of clusters seemed to translate with rigid body
motion �see Table I�. Examples of the corresponding generic
cluster shapes are illustrated in Figs. 2 and 3. Nearly sym-
metric configurations with four and six particles in the clus-
ter �Fig. 2� did not change their shape. Surprisingly, configu-
rations with a “candle-flame” shape also translated almost
rigidly, even for a relatively large number of particles
�Fig. 3�.

However, in most of the clusters with 7�N�15, the
particles were observed to move with respect to each other
and the cluster significantly changed its shape. Example of a
cluster shape evolution is shown in Fig. 4 and the linked
movie.

The change in shape was investigated quantitatively in
the following way. On a video image taken at time t, all the
particles were enclosed by the smallest possible rectangle
with vertical and horizontal sides of length X�t� and Z�t�. The
center of the cluster was defined as the center of the rect-
angle. For recirculating clusters, their instantaneous vertical
and horizontal sizes, Z�t� and X�t�, changed significantly
with time. Large fluctuations of the cluster prolateness Z /X
were observed during its evolution. An example of such os-
cillations is shown in Fig. 5. In Ref. 8, prolateness oscilla-
tions were also detected numerically on a much longer-time
scale, for clusters made of a large number of point particles.

In most of our experiments particles recirculated while
settling �see Fig. 4 and Table I� qualitatively in a similar way
as fluid inside a drop sedimenting in a lighter fluid or as a
symmetrical configuration of spheres, oscillating periodically
while settling.13 The particles located near the center of the
cluster moved downward faster than the others. These obser-
vations are consistent with previous observations for larger
number of particles.4–8 Also, in many cases, as depicted in
Fig. 6, the particle trajectories formed loops, in general, dif-
ferent from the flow lines inside the fluid drop because of
coarse-grained hydrodynamic interactions between particles
within a small cluster.
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B. Cluster size, shape, and settling velocity

In our experiments, the time-averaged parameters of the
cluster evolution, such as the cluster prolateness, size, and
settling velocity, were determined. The averaging was per-
formed for the total observation time �about 20–40 s� over all
the observed configurations separated by a time step �t=1s.
The instantaneous cluster prolateness oscillated with a large
amplitude, as shown in Fig. 5. Besides oscillations, during
some experiments a small increase or decrease in prolateness
Z /X was observed. The averaging time usually exceeded, but
not exactly matched, the period of the oscillations. Neverthe-
less, for most of the recirculating clusters, their average pro-
lateness �Z /X� was close to unity. The explicit values of
�Z /X� are given in Table I. It appears that for the short-time
average, most of the clusters had prolateness close to unity
and their shape was almost spherical. This observation was
similar to the results obtained in Ref. 4 for evolution of ini-
tially spherical clouds made of many uniformly distributed

point particles—on short-time scales. Such clouds main-
tained their spherical shape. Therefore, in our experiments a
cluster radius was evaluated by averaging an “instantaneous
radius” over all the experimental snapshots,

	 = ��XZ/�� . �3�

The cluster radius relative to the particle radius 	 /a varied
from 1.9 to 4.2 �see the explicit values in Table I�.

The time-averaged cluster settling velocity Ve was deter-
mined as the total vertical displacement of the cluster center
divided by the total time of its observation. The boost of
cluster velocity over the single sphere Stokes velocity was
determined as Ve /U0=2.1–4.5, with U0 calculated from Eq.
�2�. The explicit values of Ve /U0 are given in Table I.

The Reynolds number based on the cluster velocity Ve

and radius 	 was Rec=Ve	� f /� and was much smaller than
unity. For different experiments it varied from 1.5�10−3 to
6.6�10−3 as shown in Table I.

FIG. 2. Clusters with a small even number of particles at an almost sym-
metric configuration translated as a rigid body �Experiment Nos. 34 and 43
in Table I�.

FIG. 3. Particles forming candle-flame configurations translated as a rigid
body �Experiment Nos. 32 and 38 in Table I�.

TABLE I. The characteristic parameters of the cluster motion—the measurement and the point-particle model
given by Eq. �1�.

ID N Recirculates? �Z /X� 	0 /a Ve /U0 Rec ��10−3� R / �a� V /U0

24 4 No 1.11 1.9 2.1 1.4 3.83 1.9

25 9 Yes 1.03 3.5 3.0 4.1 4.92 3.0

28 12 Yes 0.98 3.9 3.4 5.1 5.00 3.6

31 14 Yes 0.93 4.0 4.5 5.8 4.94 4.2

32 13 No 1.56 3.8 4.2 5.6 4.78 4.0

34 4 No 0.93 1.9 2.1 1.7 3.77 2.0

38 5 No 1.55 2.1 2.5 1.9 3.72 2.3

39 6 No 1.28 2.3 2.8 2.1 3.67 2.6

41 7 Yes 1.12 2.6 2.7 2.8 3.95 2.8

43 6 No 1.07 1.9 3.0 2.2 2.98 3.0

45 8 Yes 1.61 2.8 3.1 3.7 4.07 3.1

46 10 Yes 1.08 3.5 3.8 5.2 4.69 3.3

48 13 Yes 0.94 4.2 3.4 6.6 5.31 3.7

50 11 No 1.23 3.2 3.9 4.8 4.21 3.8

53 7 Yes 0.76 3.1 2.2 3.0 4.62 2.6

55 8 Yes 0.87 2.8 2.8 3.1 4.07 3.1

57 15 Yes 0.99 4.2 3.8 6.4 5.12 4.3
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C. Point-particle model of settling cluster

In a compact cluster, particles are close to each other.
Therefore, the mean settling velocity differs from the weight
divided by the sum of drag coefficients of isolated
particles.14 To account for the hydrodynamic interactions be-
tween the particles we applied the point-particle model.

In the experiments, the initial distribution of the particles
inside a drop of the fluid was assumed to be random. Since

the evolution was observed at a short-time scale, the particles
did not have time to change their distribution significantly. In
particular, on the average, the cluster radius 	 and the pro-
lateness Z /X did not increase nor decrease systematically
during the experiment. Moreover, the time-averaged shape
remained almost spherical, with the averaged prolateness
close to unity. Therefore it seemed meaningful to compare
the measured cluster mean settling velocities Ve with the
mean velocity V of a “perfect drop,” i.e., the statistical en-
semble of clusters made of N particles, distributed with the
uniform N-particle probability within a sphere of radius R.
Such a result was available within the point-particle
approximation.7 The corresponding expression for the per-
fect drop of point particles is given in Eq. �1�.

To compare the measured cluster velocity with the sta-

FIG. 4. Detected evolution of a cluster shape �Experiment No. 28 in Table I�
�enhanced online�.�URL: http://dx.doi.org/10.1063/1.3168615.1�

FIG. 5. Example of cluster prolateness Z /X evolution �Experiment No. 28,
see Table I�.

FIG. 6. Exemplary trajectories �x�t� ,z�t�� of two particles from a cluster
which consisted of 14 particles �Experiment No. 31, see Table I�. Positions
of the particles are plotted relatively to the center of the cluster and scaled
by the particle radius a. The initial positions are circumscribed with a square
and a circle.
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tistical formula, it was necessary to relate the radius R of the
point-particle ensemble to a time-averaged radius of a given
experimental cluster of spheres.

Formula �1� is the ensemble average over random distri-
bution of points inside a sphere of radius R; the radius 	 of
an individual “drop” �see Eq. �3�� is of course always smaller
than R. Therefore, for a given N, we calculated the ensemble-
averaged radius cp of an individual drop, measured in the
same way as 	 in the experiments, if the point particles are
placed at random in a sphere of radius 1. The idea is that one
needs to replace 	 by 	 /cp. Therefore, 30 000 configurations
of 4�N�15 points were generated at random within the
sphere of radius R=1, with the uniform N-point probability
distribution. For each configuration, the cluster horizontal
and vertical dimensions Xp and Zp were “measured” from the
simulations as the maximal horizontal and vertical distances
between the points, respectively. Then, the corresponding ra-

dius �XpZp /� of the cluster of point particles was evaluated
and averaged over 30 000 configurations. The result,

cp = ��XpZp/��30 000, �4�

in the following called the correction coefficient is plotted in
Fig. 7 as a function of the number of the particles N. Natu-
rally, the correction coefficient cp, as the averaged cluster
radius, was smaller than the reference radius R=1 of the
statistical ensemble. The smaller number of the particles N,
the larger the difference. In general, R�1; in this case, a
cluster average radius is equal to Rcp, with cp given by Eq.
�4�.

To apply the point-particle model to the experiment, we
have to take into account the nonzero radius of the spherical
particles.14 Indeed, point particles form a smaller cluster than
the real particles, with the cluster radius reduced by the
sphere radius a. Moreover, close particle surfaces interact
with each other and are not allowed to overlap. The question
is how to define such a “corrected” radius 	0 of a given
cluster of spheres that would match the computed radius Rcp

of the cluster of point particles. Should 	0 be chosen based
on positions of the sphere surfaces, of their centers, or else?

We have considered three possibilities to determine the
corrected cluster radius 	0. The first one was to choose 	0

equal to the cluster radius 	. Another one was to take a much
smaller 	0 calculated from Eq. �3� with X and Z equal to the
maximal horizontal and vertical distances between the sphere
centers. An intermediate value of 	0 was also considered.
Summarizing, we analyzed three corrected cluster radii,

	0 = ���X − 
a��Z − 
a�/�� , �5�

with 
=0, 1, and 2. As illustrated in Fig. 8, for each value of

, an effective cluster radius �6� was calculated, R,

R = 	0/cp. �6�

For each value of 
=0, 1, and 2 the ensemble-averaged ve-
locity V was determined from Eq. �1� and compared to the
experimental settling velocity Ve. Analyzing data for all the
clusters we concluded that the best agreement between V and
Ve was observed for the choice of 
=1, see Ref. 14. There-
fore the effective radius

R = ���X − a��Z − a�/��/cp �7�

was chosen as the best estimate. In the following only R
defined by Eq. �7� was used. The comparison between the
measured and the calculated settling velocities is presented
in Fig. 9.15 The measured cluster settling velocities Ve are
depicted relatively to single particle Stokes velocity U0,
which was calculated separately for each cluster from Eq.
�2�. To calculate U0 and 6�N−1�a / �5R�, the mean particle
radius a was evaluated separately for each experiment.

The error bars in Fig. 9 were determined separately for
each experimental trial. The most significant contribution to
error of Ve /U0 was due to the uncertainty of the mean par-
ticle radius a. Radius of each individual particle was mea-
sured on the experimental images because of the relatively
large polydispersity. The major source of error for the point-
particle model V=6�N−1�a / �5R� was the uncertainty of the
correction coefficient cp. The large uncertainty follows from
the difference between velocities of the individual clusters
and the ensemble-averaged velocity, significant for a small
number of particles.

In Fig. 9, the present measurements are compared to the
experimental and numerical results obtained for compact
regular conglomerates of 2, 3, 5, and 13 spheres in regular
compact configurations.9,10 The measured and evaluated ve-
locities are independent of the conglomerate orientation. The
conglomerate “point-particle radius and velocity” were deter-

FIG. 7. Correction coefficient cp for a random point-particle cluster, as
defined in Eq. �4�.

FIG. 8. To apply the point-particle model to the experiment, three effective
radii R were tested for three values of 
, depicted as frames 0, 1, and 2.
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mined from Eqs. �7� and �1�, for several characteristic orien-
tations, leading to 5.5�R /a�2.3 and 1.38�V /U0�1.55
for N=2, 4.0�R /a�2.3 and 1.74�V /U0�1.900 for N=3
�equilateral triangles�, 3.5�R /a�2.8 and 2.53�V /U0

�2.71 for N=5, and 3.5�R /a�3.1 and 4.84�V /U0

�4.87 for N=13. It is remarkable that for a small number of
particles, the settling velocity of rigid conglomerates can be
reasonably well approximated by the point-particle statistical
formula �1�, with the radius given by Eq. �7�.

D. Details of the cluster motion

The characteristic parameters of the cluster motion, for
all the experiments, are shown in Table I. It contains the
measured data and the fitted parameters of the point-particle
model. The ID is the successive number of experimental run.
The preliminary tests with labels 1–22 were rejected due to
insufficient visibility �the frame was too large�. Four mea-
surements were eliminated because of bubbles trapped inside
the clusters and one because it was not clear how many par-
ticles were inside the cluster. From the other 32 runs, only
those experiments were selected, which met the criteria of
reasonable polydispersity, i.e., less than 10% �three runs
were rejected� and the constant number of particles in the
cluster during the time of camera registration �11 clusters
which lost particles in front of the camera were not
analyzed�.

The intuitive predictions about parameters, which influ-
ence the cluster velocity, are confirmed in Table I. Velocity of
the cluster depends on the number of particles N, the cluster
radius 	, and also slightly on its prolateness �Z /X� �compare

Experiment Nos. 45 and 55�. In general, the velocity is
higher for larger number of particles or smaller cluster size
or higher prolateness.

The data listed in Table I and plotted in Fig. 9 confirm
that on the average, the velocity Ve of clusters of spheres can
be predicted with relatively good agreement using the
ensemble-averaged expression �1� for point particles. To
achieve the agreement, the effective radius R of the cluster
was suitably matched using Eq. �6� with 
=1 �depicted as
frame 1 in Fig. 8�. The effective radius was greater than the
cluster radius 	 and the relative difference between them was
the smaller the higher values of 	.

IV. CONCLUSIONS

Gravitational settling of a small group of close spherical
particles in a viscous fluid was observed experimentally on a
short-time scale, corresponding to the cluster displacement
not greater than 65 cluster radii 	. In all experiments the
Reynolds number based on the cluster velocity and radius
was of the order of 5�10−3. Occasionally, individual par-
ticles were lost behind the cluster, but most of the particles
sedimented together close to each other. Evolution of the
clusters was analyzed only when the number of the particles
remained unchanged during the measurement time. Some of
the clusters, compact and with shape of a special symmetry,
fell down rigidly, practically without changing their initial
configuration. Particles forming the other clusters recircu-
lated. While evolving, these clusters significantly changed
their shape, with large fluctuations or even regular oscilla-
tions of the cluster prolateness. In all the experiments, no
systematic tendency was observed to increase �or decrease�
with time neither the prolateness nor the cluster size. While
averaging over time and over many experiments, the appar-
ent cluster shape was almost spherical. This observation
served as the motivation to model the cluster sedimentation
by a “perfect drop of point particles.” It turned out that on
the average, the settling velocity of clusters made of spheri-
cal particles can be well approximated by the ensemble-
averaged velocity of random point-particle clusters, if the
cluster effective radius R is appropriately chosen.

For a small group of N close spherical particles, the con-
cept of the effective radius R is essential to achieve the linear
relation between the cluster settling velocity and N /R. Note
that in the Rotne–Prager approximation, there is no linear
scaling, as it was shown in Ref. 16, Fig. 3, for a fixed value
of N, different volume fractions �see Fig. 3�, and R taken just
as the radius of the spherical volume of the cluster. In our
experimental study, we would also observe nonlinear devia-
tions from Eq. �1�, if we used just the radius 	 rather than the
effective radius R.

Concluding, in this work the point-particle model7 was
used to propose an empirical statistical formula, Eqs. �1� and
�7�, for the mean settling velocity of a random cluster of
spherical particles sedimenting under gravity. As illustrated
in Fig. 9, this relation also approximates well velocity of
regular conglomerates of touching spheres, determined ex-
perimentally in Ref. 9, and evaluated numerically with a high
accuracy in Ref. 10.

FIG. 9. �Color online� Correlation of the measured cluster settling velocities
Ve /U0 with the ensemble-averaged velocities 6�N−1�a / �5R� of point-
particle clusters: dots—present results, crosses �red�—experimental and nu-
merical results from Refs. 9 and 10 �superimposed�, and straight line—Eq.
�1�.
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