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The paper presents the methodology of empirical description and statistical analysis of velocity profiles that
were depicted by the Digital Particle Image Velocimetry technique (DPIV). Experimental runs were recorded
by the high resolution camera in the model with vertical walls. Here we analyze the eccentric discharge with
the outlet located in the bottom close to the right vertical wall of the model. On the base of the experimental
results we present an empirical analysis of velocities and calculation of the flow rate in two proposed
descriptions of the flow. Velocity functions were presented by the exponential function (the modified Gauss
type), by the multiple regression and by the ch function. Also the flow rate was calculated for two presented
descriptions. Empirical calculations of the stagnant zone boundary was also presented using the readings
from velocity profiles.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

In this paper the methodology of empirical description of velocities,
flow rate and stagnant zone boundary on the base of registered velocity
fields in eccentric filling and discharge in 2D silo model is presented. In
practice even tiny eccentricity of filling or discharge processesmay lead
to quite an unexpected behaviour of the structure. During asymmetrical
processes, flow patterns and wall stresses may be quite different. It is
therefore crucial to identify flow patterns developed in the material
during eccentricfilling or discharge, and to determineboth theflow rate
and wall stresses occurring under such state of loads. The issues
mentioned above are closely related to the flow pattern. Measuring and
predicting thepattern offlowingmaterial duringdischargewere carried
out by Cundall and Strack [16], Nedderman and Tüzün [26], Tüzün and
Nedderman [44], Haussler and Eibl [19], Runesson and Nilsson [33],

Rotter et al. [31]. However, investigation and prediction of the complex
flow patterns especially during eccentric discharge still remain a
challenge.

2. Literature review

International Standards usually relate to axial symmetric states of
stresses and even avoid defining discharge pressures andflowpatterns
because of continuing uncertainties. In Standard ENV 1991-4 [1], the
flow channel geometry and wall pressures under eccentric discharge
are defined. The Polish Standard PN-89/B-03262 [4], titled “Silosy
żelbetowe na materiały sypkie. Obliczenia statyczne”, proposes the
values of increased coefficients of horizontal pressure during eccentric
discharge. There are codes and guides that include eccentric discharge
but they treat it in a different way [2,3,32]. Also a few theoretical
solutions have been proposed for the design of silos under eccentric
discharge [21,48,29]. The European Standard [1], includes a comment
on the eccentricity of the outlet, the definition of the flow channel
geometry and the wall pressure under eccentric discharge. Eccentric
filling is described as a condition inwhich the top of the heap at the top
of the stored solids at any stage of the filling process is not located on
the vertical centreline of the silo. Eccentric discharge is described as a
flow pattern in the stored solid arising from moving solid being
asymmetrically distributed relative to the vertical centreline of the
silo. This normally arises as a result of an eccentrically located outlet
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but can be caused by other asymmetrical phenomena which are not
clearly defined. Calculations for flow channel geometry are required
for only one size offlowchannel contactwith thewall,which should be
determined for ΘC=35°. Other methods of predicting flow channel
dimensions may also be used. Wall pressures under eccentric
discharge are defined as the pressure on the vertical zone. The
pressure depends on the distance “z” below the equivalent solid
surface and the frictional traction on the wall at level “z”. So far a few
approaches have been developed for the design of bins under eccentric
discharge [6,29] or by Wood [48]. The issue of eccentricity has also
been found to be one of major causes of hopper failures, given by
Carson [9]. Eccentricity of the flow to the silo axis causes the pressure
patterns to become much more complex than in centric cases. In the
field of silo investigations three main issues are analyzed: pressures
under eccentric discharge, flow patterns and stagnant zone bound-
aries. Works on eccentric discharge have been published for many
years and a few researchers have dealt with this complicated problem.
Anon [5] presented eccentric discharge silo loads and wall loads as a
function of discharge rate. Thompson et al. [42]measuredwall loads in
a corrugated model grain bin when unloaded eccentrically and the
effect of eccentric unloading in a model bin for different unloading
rates. Pokrant and Britton [28] investigated the effect of eccentricity
draw off and flow rate in a model grain bin. Kamiński [22,23]
investigated ways of discharge in silo. Hampe and Kamiński [18]
analyzed wall pressures under eccentric discharge. Haydl [20]
investigated eccentric discharge and the calculation of bending
moments in circular silos. Theymade an experimental study of certain
effects of the interaction in the full-scale silo between the reinforced
concrete silo walls and a free flowingmedium. Safarian andHarris [34]
dealt with post-tensioned circular silos for modern industry and
presented irregularities of pressure intensity caused by flowproblems,
eccentric discharge, or multiple discharge openings. Rotter et al. [30]
discussed experiments with buckling failure problems in which the
wall stresses were directly induced by stored solids. De Clercq [15]
studiedflowpatterns in a silowith concentric and eccentric outlet, and
also a steel silo with two types of outlets and its susceptibility to
buckling. He found that a thin-walled silo with concentric outlet tends
to be well behaved, and whereas the other one with eccentric outlet
was susceptible to buckling and collapse. Itwas also stated that none of
the existing theories adequately addressed the issue of buckling of
eccentrically-emptied silos. Blight [7] investigated the behaviour of

two steel silos under eccentric discharge. Borcz et al. [8] presented
experimental results of pressure measurements in the wall in a full-
scale silo under eccentric discharge. Shalouf and Kobielak [35]
analyzed eccentric discharge in silos and reduction of the dynamic
flow pressures in grain silo by using discharge tubes. Ayuga et al. [6]
investigated discharge and the eccentricity of the hopper influence on
silo wall pressures. Molenda et al. [25] presented investigations on bin
loads by both central and eccentric filling and discharge of grains in a
model of silo. In the analysis, Chou et al. [13] using the kinematic
model, proposed by Nedderman and Tüzün [26], constructed a
boundary-value problem. The results consist of measurements of
circumferential shell wall deformation for various load histories as a
function given service cycles: filling and discharge — centrally and
eccentrically. Chou et al. [13] investigated granular flow in a two-
dimensional flat-bottomed hopperwith eccentric discharge.Wójcik et
al. [47] presented numerical analysis of wall pressures in silos with
concentric and eccentric hoppers. Chou et al. [12] made some
experiments in a two-dimensionalflat-bottomedmodel and identified
flow patterns and stresses on the wall during centric and eccentric
discharge. The flowing material was recorded using a digital
camcorder and the normal and shear stresses were measured using
pressure gauges. Chou and Hsu [14] measured experimentally the
heights of the stagnant zones for two kinds of granular materials after
hopper eccentric and centric discharge. Guaita et al. [17] applied FEM
modelling in the analysis of influence of hopper eccentricity on wall
pressures. In the proposed model the distribution of plastic areas
according to eccentricity was analyzed. Song and Teng [39] analyzed
the results in FEM of a buckling strength of steel silo subject to code-
specified pressures for eccentric discharge with the wall loads
predicted by four codes where the pressure asymmetry was
determined by local pressure increases or reductions and described
by the authors as patch loads. Nübel and Huang [27] presented a study
of localized deformation pattern in granular materials, investigating
shear localizations in granular materials numerically, with the use of a
Cosserat continuum approach, and compared the obtained results to
experimental data. Tejchman [40,41] also presented a numerical
Cosserat approach to the behaviour of granular medium in a silo.

The latest paper on the flow pattern measurement however, in a
full-scale silo not in a model, was presented by Chen et al. [10]. One
can find a long list of references concerning investigation of eccentric
discharge there.

Fig. 1. Eccentric flow of flax seed: filling from the left and discharge from the right, a) flow mode formed in the model, b) velocity contours.
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3. Results of experimental investigations used to empirical analysis

The experimental setup used in the experiments was presented in
Sielamowicz et al. [36,37]. Recording the flow in the model of depth
10 cm the high-speed CCD camera (PCO1200HS) with the objective
50 mm lens was used. Sequences of 12-bit images with the resolution
of 1280×1024 pixels were acquired by Pentium 4 based personal

Fig. 2. Velocity profiles of flax seed flow at: various time instants (a–b) and levels (c–f).

Table 1
Values of the symbols given in formula (2).

Parameters i=0 i=1 i=2

Ai 3.679 −0.062143 0.000803132
Bi 0.065893 0.0081573 −0.000165805
Ci −0.10255 0.0035087 −0.000031846
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computer using IEEE1394 interface. The system allowed to acquire up
to 1000 images at time interval of 1.5 ms (667 fps). The velocity field
was evaluated for triplets of images using the DPIV based on the
Optical Flow technique, Quenot et al. [50]. Dense velocity fields with
vectors for each pixel of the image were obtained and used for further
evaluation of the velocity profiles, velocity contours and streamlines.
The term “streamline” is defined as a direction of the flow of different
particles at the same time. Intrinsic resolution of the PIV technique is
limited by the size of the area of interest that is used in the application
of the cross correlation algorithmbetween subsequent images and this
is generally one order of magnitude larger than a single pixel. An
Optical Flow technique based on the use of Dynamic Programming
[Quenot et al. [50]] has been applied to Particle ImageVelocimetry thus
yielding a significant increase in the accuracy and spatial resolution of
the velocity field. A velocity vector is obtained for every pixel of the
image and typical for classical PIV constrains are removed. Calibration
carried out for synthetic sequences of images shows that the accuracy
of measured displacement is about 0.5 pixel/frame for tested two-
image sequences and 0.2 pixel/frame for four-image sequences.

Slominski et al. [38] presented a detailed description of PIV technique
with its advantages and disadvantages. The aim of the present
investigation is to explore the possibility of using the Optical Flow
technique based on PIV inmeasuring granularmaterial flow velocity. In
this paper we apply the Optical Flow technique DPIV to investigate
dynamic behaviour of granular material during discharge and measure
flow profiles, velocity distributions, vector fields in plane flow hoppers
with eccentric filling and discharge. In order to evaluate velocity long
sequences of 100–400 images were taken at variable time intervals
covering thewhole discharge time. In granularmaterialflowoneusually
visualizes a track of individual particles, not necessarily coinciding with
the streamline. Such trackswere obtained by Choi et al. [11], whoused a
high-speed imaging technique to trace the position of single particles in
granular materials. Velocity profiles obtained that way for the flow of
granular material inside a quasi-two-bottomed silo were smooth and
free of shock-like discontinuities. In contrast, the DPIV technique used
here produces velocity field for the full interrogation area, and this can
be used to predict the natural track of individual particles.

4. Theoretical description of velocities

We present here the methodology of theoretical analysis of
velocities in asymmetric flow of flax seed in the model with vertical
and smooth walls with outlet located close to the right wall. We
consider the case discussed in Fig. 1 where the flow mode is also
presented. Themodel has the depth of 5 cm. Properties of the granular
material used in the experiment: angle of wall friction against
Plexiglas φw=26o, angle of internal friction φe=25o, Young modulus
E=6.11 MPa, granular material density deposited through a pipe
with zero free-fall ρb=746 kg/m3 at 1 kPa and 747 kg/m3 at 8 kPa.

Fig. 2 presents selected velocity profiles obtained for the case of
filling made from the left and with discharge outlet located near the
right wall. The readings taken from the velocity profiles are presented
in Tables 1–7 published in Appendix.

Statistical analysis of the experimental results with application of
the values given in Tables 1–7 (published in Appendix)was done. The
confidence intervals for the averages were determined for the
analyzed levels and are listed in Tables 8–13 published in Appendix

Table 2
Values of coefficients ai in formula (3).

a0 a1 a2 a3 a4 a5 a6 a7 a8 R coefficient of correlation

3.663 −49.92 10−3 0.577 10−3 −143.42 10−3 3.159 10−3 −0.184 10−3 −45.704 10−3 0.886 10−3 −0.003 10−3 0.9714

Table 3
Parameters A, B and C in formula (4), the 1st regression.

Level H [cm] A B C

5 4.1800 0.10689 −0.10904
10 3.7170 0.11379 −0.048339
20 3.2350 0.38199 −0.066509
30 3.3078 0.15780 −0.028827
40 3.0010 0.20549 −0.024767
50 3.2337 0.040317 −0.0088796
60 3.4154 0.031379 −0.0070211

Table 4
Values of the parameters in formula (2).

Parameters i=0 i=1 i=2

Ai 4.396 −0.068208 0.00087487
Bi 0.06613 0.012485 −0.00023117
Ci −0.10702 0.0032341 −2.62531 10−5

Table 5
Values of coefficients ai in formula (5).

a0 a1 a2 a3 a4 a5 a6 a7 a8 R coefficient of correlation

4.2904 −0.04908 0.000552 −0.052342 0.01143 −0.00017 −0.062328 0.001345 −0.000007 0.9695

Table 6
Sums of the squares of the differences of velocities.

Regression Sums of the squares of the differences of velocities measured at the analyzed levels ∑ðVemp−Vy expÞ2

5 cm 10 cm 20 cm 30 cm 40 cm 50 cm 60 cm ∑∑ðVemp−Vy expÞ2

Generalized Gauss description
1st 10.208 3.490 40.234 10.959 6.118 39.354 11.496 121.85
2nd 35.304 62.223 136.29 17.591 170.465 198.620 169.803 790.30
Multiple 101.645 63.307 70.573 14.221 18.828 30.752 38.005 337.33
∑∑ 147.157 129.020 247.097 42.771 195.411 268.726 219.294 1249.48

Generalized the ch function description
1st 6.299 3.153 76.849 13.041 9.213 22.865 4.992 136.41
2nd 31.151 50.542 63.660 32.277 136.013 147.475 150.124 611.24
Multiple 95.186 38.688 64.369 18.055 12.628 24.568 29.405 282.90
∑∑ 132.636 92.383 204.878 63.373 157.854 194.908 184.521 1030.55
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[46]. The averages were calculated using the sums of the columns in
Tables 1–6. In the calculations the flow time was not taken into
account. In this analysis there are no readings that were removed
from the data set.

4.1. Description of velocities by the exponential function (generalized,
the Gauss type)

At the beginning of the analysis the vertical velocity component Vy

was depended on two factors: the distance x — the location of the
measurement points and also on the various heights z. The type of the
function applied in the empirical description of vertical velocity Vy

calculated in millimetres per second was proposed as the following:

Vy = eA + Bx + Cx2 ð1Þ

where parameters A, B and C were determined by the least squares
method (the first regression), presented in the form of points in Fig. 3.
The solid lines show the empirical description of these parameters at
various analyzed levels.

Parameters A, B and Cwere depended on the height z in the model
according to formula (2). Analyzing the distribution of parameters A,
B and C we can expect the second regression results to be less agreed
with the experimental results (cf. Fig. 4). Thus, calculating the second
regression, the shape of the function to describe velocity Vy by the
multiple regression was determined:

Â = A0 + A1z + A2z
2

B̂ = B0 + B1z + B2z
2

Ĉ = C0 + C1z + C2z
2
:

ð2Þ

Parameters Ai, Bi, and Ci for i=0, 1, 2 were obtained by the least
squares method using formula (2) and are listed in Table 1.

On the basis of formulas (1) and (2) and the values listed in
Table 1, velocity distributions were drawn. Fig. 4 presents the
comparison of the average experimental results

P
Vy expwith empirical

values V̂yempir after the 1st regression (depending the velocity on
the distance from the symmetry axis x), after the 2nd regression
ˆ̂
Vy empir, depending the velocity both on the distance x and on the

height z and after the multiple regression
ˆ̂
V̂y that is discussed in the

next section.

4.2. Description of velocities by the multiple regression

Applying the 1st and the 2nd regression, the description of vertical
velocity was assumed in the form of the following function:

Vy = expða0 + a1x1 + a2x2 + a3x3 + a4x4 + a5x5 + a6x6 + a7x7

+ a8x8Þ ð3Þ

where

x1 = z; x2 = z2; x3 = x; x4 = xz; x5 = xz2; x6 = x2
; x7 = xz2;

x8 = z2x2

and x denotes the distance from the left wall, z — is the height of the
analyzed level in themodel, measured in centimetres. The coefficients
a1 where i=0, 1…8 were calculated by the least squares method, and
are listed in Table 2. We define the calculations accurately using the
multiple regression. There is a possibility to determine the parameters
by the nonlinear regression, that would define the description a little
more accurately.

On the basis of formula (3) and data listed in Table 2, the values of

vertical velocity
ˆ̂
V̂y were calculated. Three approaches of describing

the velocity in the model presented above are shown in Fig. 4. The
points relate to the average values of experimentalmeasurements and
the solid lines represent the functional descriptions of velocity after

the 1st (V̂yÞ, the 2nd ( ˆ̂Vy) and the multiple regression (
ˆ̂
V̂y).

It should be stated that there is a problem to find a proper form of
the function that would describe velocity in the model but the type of
the function given in formulas (1) and (2) describes the distribution of
velocity quite well, especially in determining the parameters by the
multiple regression. We have also found the best description of
velocities for the lowest levels at H=5 cm and H=10 cm. The higher
the level is located the higher regression should be applied to describe
the velocities. But it is not a rule. This is changing at the middle levels.

Fig. 3. Distributions of parameters A, B and C (points) and their empirical descriptions
(solid lines).
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Velocity distributions (cf. Fig. 4) confirm the aptness of the applied
function for the multiple regression.

4.3. Description of velocities by the generalized ch function

In this section we propose another empirical description of
velocity by the ch function in the following form:

Vy = ch ðA + Bx + Cx2Þ: ð4Þ

In this analysis the velocity was depended on the distance x using
the 1st regression. Parameters A, B and C in the empirical description
were calculated by the least squares method and are listed in Table 3.

Parameters A, B and C in formula (4) are depended on the height z
as was presented in formula (2). Coefficients Ai, Bi and Ci calculated by
the least squares method are listed in Table 4. Their parabolic descrip-
tions are presented in Fig. 5. Using formulas (2) and (4) and values
listed in Table 4we obtain the description of velocity dependent on the
distance x and the height z after the second regression.

Fig. 4. Velocity distributions: average experimental results compared with the 1st, the 2nd and the multiple regression.

386 I. Sielamowicz et al. / Powder Technology 198 (2010) 381–394
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On the basis of the 1st and 2nd regressions we assumed the
vertical velocity in the form:

Vy = chða0 + a1x1 + a2x2 + a3x3 + a4x4 + a5x5 + a6x6

+ a7x7 + a8x8Þ:
ð5Þ

Parameters a1 where i=0,1,2…8 were calculated by the least
squares method, and listed in Table 5. Variables x1, x2, x3, x4, x5, x6, x7,
and x8 were applied like in formula (3).

Applying the approaches presented above we show the vertical
velocity distributions in Fig. 6. Description of velocities by the ch

function also proved that at the higher levels the best agreement of
the experimental and empirical results was obtained by the first and
the multiple regression. The second regression was only needed to
predict the type of the function to describe velocity.

4.4. Verification of the accuracy of the applied descriptions

We also verified the accuracy of the applied descriptions. In Table 6
the sums of the squares of the differences of velocities in three applied
regressionsby theGaussdescriptionandby the ch functionarepresented.

As it is seen the best description of velocities was found using the
ch function because the sum of the sums of the squares is lower, both
in the used regressions and at the analyzed levels.

4.5. Flow rate

The flow rate Q was calculated for two presented descriptions of
velocities. In the solution given by the Gauss exponential function the
flow rate was calculated according to the following formula:

Q = ∫
xn

0

eA + Bx + Cx2dx ð6Þ

and the values of Q are listed in Table 7. In formulas (6) and (8) the
limit of integration xn denotes the distance of the last measurement
point from the right wall taken from the experimental readings for
various analyzed levels (cf. Tables 1–7 published in Appendix). The
flow rate was described by the following parabolic function:

Q̃ = Ã1 + B̃1z + C̃1z
2 ð7Þ

where parameters Ã1=110.54, B̃1=−0.20605, and C̃1=0.26017 were
calculated by the least squares method using the values listed in Table 7.
On the basis of parameters Ã1, B̃1, and C̃1, the values of the flow rate Q̃
were determined and these values were used in calculations of the sums
of the squares of the differences that are also listed in Table 7.

In the description of velocities by the ch function, the flow rate was
calculated according to the formula:

Q = ∫
xn

0

chðA + Bx + Cx2Þdx ð8Þ

and the values are listed in Table 7. The limit of integration xn was
taken like in formula (6). The flow rate Q̃ was also described by the
parabolic function given in formula (7) and parameters Ã2=110.18,
B̃2=−0.076199, and C̃2=0.024345 were determined by the least
squares method using the values listed in Table 7. On the basis of the
values of parameters Ã2, B̃2, and C̃2, the values of the flow rate Q̃ were
calculated and used to determine the sums of the squares of the
differences of velocities that are also listed in Table 7.

In both solutions the parameters Ãi, B̃i, and C̃i for i=1,2, were
introduced into the analysis after the 1st regression, from Fig. 3 and
Table 3, respectively. The best description of the flow rate was
obtained by the Gauss function, because the sum of the sums of the
differences of velocities given in Table 7 is lower than in the case of the
description made by the ch function (Fig. 7).

In the two presented cases the calculated values of the flow rate
Q·[cm2/s] are almost similar, both in the empiric description (by the
parabolic function) and by the integrated values using formulas (6)
and (8), respectively. In the region between the levelH=5 cm and the
level H=10 cm where the flow channel is the narrowest (cf. Fig. 1),
the increase of the flow rate reaches approximately the similar values.
From this level the increase of theflow rate is rapid. From levelH=20 cm
up and higher the increase of the flow rate is not constant. As a result of
differentiating formula (7) we obtain the linear increment of the velocity
of the flow rate at different levels. The difference of the flow rate reaches
0.352 [cm2/s] between levelsH=20 cmandH=30 cmand 1.053 [cm2/s]

Fig. 5. Distribution of parameters A, B and C.
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Fig. 6. Vertical velocity descriptions by the three applied methods.

Table 7
Values of the flow rate (integrated).

Level H
[cm]

xn
[cm]

Q [cm2/s] Sums of the squares of differences ∑ðQempir− Q̃Þ2

Generalized Gauss
description

Description by the
generalized ch function

Generalized Gauss
description (×10−2)

Description by the generalized
ch function (×10−2)

5 6 10.51 10.565 25.6036 22.6576
10 8 11.116 11.120 0.0064 0.4356
20 10 12.655 12.859 94.4784 103.8361
30 14 13.007 13.229 5.2441 6.1504
40 16 14.06 14.301 11.0889 9.4864
50 21 15.363 15.467 135.7225 158.0049
60 24 19.979 20.165 63.2025 302.4121
∑∑ 335.3464 602.9831
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between levels H=30 cm and H=40 cm, respectively. But higher than
H=40 cm the flow rate increases more rapidly because the flow channel
widens, thusmorematerialflows into itwithhigher velocity. The increase
of the flow rate between level H=40 cm and H=50 cm is again lower
and reaches 1.303 [cm2/s] and between levelH=50 cm andH=60 cm is
already 4.616 [cm2/s]. The flow channel at levelH=50 cm is sowide that
the flow rate reached more than 15.0 [cm2/s].

5. Empirical determination of stagnant zone boundary

Basing on the readings listed in Tables 1–7 given in Appendix, the
distances xi (for instance x=2, 3, 4, and 5 cm) were determined from
the right wall of themodel. And the last four readings of velocities Vy of
nonzero valueswere taken for the analysis. VelocitiesVywere depended
on x by the functions of: the parabolic type V̂y=A1+B1x+C1x

2,
hyperbolic type V̂y = A + B

x, or linear type V̂y=a+bx. We searched
the values x at which Vy=0 (stagnant zone boundary). At first we
applied theparabola of the secondorder to approximate the four chosen
experimental readings of vertical velocityVy. Ifwedonot obtain the zero
values of velocities in the assumed approximation thenwe should apply
another function to approximate the experimental values of velocities
Vy. From these two functions only one can be chosen for which the
coefficient of correlation has the highest value. The choice of the
parabolic function for the first approximation came out from the fact
that the more there are constant coefficients in the description of the
function, the more accurate description should be expected. Here we
approximated values of velocities by the three proposed types of the
functions and we obtained values x for which Vy=0 (stagnant zone
boundary). Several authors defined the stagnant zone boundary in a
various way: Zhang and Ooi [49] called it as the flow channel boundary
(FCB), as the zone in which the particles do not slough off the solids
surface but follow the paths predicted by the kinematic theory all the
way to the outlet. The particles located in the surrounding feeding zone

enter the topflow layer and roll down to the central axis and thenfinally
move towards the outlet. Many numerous investigations at measuring
and predicting the pattern of material flow during silo discharging have
been carried out (e.g. [16,26]). Tüzün and Nedderman [43] defined the
flow channel boundary as the streamline within which 99% of the total
flow takes place while Watson and Rotter [45] proposed to define the
boundarywhere the velocity at each level is 1%of the centre line velocity
at that level. In the case of asymmetric flows the maximal velocities
occur in various distances from the rightwall of themodel. HenceVy=0
was assumed at the stagnant zone boundary. The values of x and the
parameters of the proposed functions are given in Table 14 in Appendix.
On the basis of these data, the points of the calculated values of x at
which vertical velocity Vy=0 are shown in Fig. 8.

The regression lines determined on the basis of the data given in
Table 14 (Appendix) are also shown in Fig. 8. Theequationsof these lines
were calculated for the height H≥10 cm and they are the following:

� for 1 s of the flow x̂ = 3:58 + 0:3733H; r = 0:990
� for 25th s of the flow x̂ = 5:12 + 0:1884H; r = 0:979
� for 50th s of the flow x̂ = 7:21 + 0:163H; r = 0:974
� for 75th s of the flow x̂ = 9:08 + 0:076H; r = 1:

ð9Þ

In the presented analysis we described the distribution of the
range of the stagnant zone boundary forming in the flowing material
from the level H=10 cm up. For heights H≥10 cm it is possible to
approximate the stagnant zone boundary by the line. This fact is
confirmed by the coefficients of correlation given in formula (9).

6. Conclusions

In the presented empirical analysis of velocities in the flowing
material in themodelwith eccentricfilling anddischargeweapplied two
types of functions to describe velocities. We have found that both the
function of the generalized Gauss type and the ch function decrypt
velocities in dependence on variables x and z, especially calculating the
parameters of the empirical functions using the multiple regression.
However tofind such type of the function (i.e. to dependvelocity both on
x and z)firstwe had to apply two single regressions. Having the values of
the flow rate shown in Fig. 7a and b, described by 2° parabola we can
investigate theflowrate at lower levels andbyextrapolating the function
we canpredict thevalues of theflowrate athigher levels. In thepaperwe
presented theway on how to predict the stagnant zone boundary. It was
assumed at the boundary velocity Vy=0. We did not apply the value of
vertical velocity Vy at the boundary equal to 1% of the maximal velocity
because themaximalvaluesof velocity appear indifferentdistances from
the lateral wall of themodel. Further work is required to investigate the
stagnant zone boundary location in asymmetrical flows.

Fig. 7. Comparison of the flow rate calculated by: a) the function of the Gauss type,
b) the ch function.

Fig. 8. Range of the stagnant zone boundary at the analyzed instants of the flow.
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Table 2
Readings at level H=10 cm.

Time [s] Velocities Vy [mm/s] at the distance from the symmetry axis x [cm]

0 1 2 3 4 5 6 7 8

1 s 24.0 25.0 22.0 17.0 11.5 4.0 3.0 1.0 0
25 s 21.0 20.0 19.0 20.0 20.0 17.0 6.0 0 0
50 s 20.0 21.0 23.0 19.0 17.0 15.0 8.0 6.0 0
75 s 28.0 29.0 29.0 25.0 13.0 6.0 4.0 4.0 2.0
100 s 9.0 11.0 17.0 17.0 16.0 13.0 10.0 7.0 3.0

Table 1
Readings at level H=5 cm.

Time [s] Velocities Vy [mm/s] at the distance from the symmetry axis x [cm]

0 1 2 3 4 5 6

1 s 36.0 37.0 30.0 15.0 5.0 1.0 0
25 s 23.0 25.0 22.0 20.0 16.0 5.0 0
50 s 34.0 35.0 33.0 17.0 8.0 6.0 2.0
75 s 38.0 39.0 32.0 17.0 5.0 3.0 1.0
100 s 27.0 28.0 25.0 15.0 9.0 2.0 0

Table 3
Readings at level H=20 cm.

Time [s] Velocities Vy [mm/s] at the distance from the symmetry axis x [cm]

0 1 2 3 4 5 6 7 8 9 10

1 17.0 18.0 17.0 15.0 13.0 11.0 9.0 6.0 4.0 2.0 1.0
25 17.0 18.0 18.0 18.0 18.0 17.0 13.0 8.0 1.0 0 0
50 16.0 17.0 17.0 17.5 17.0 18.0 16.5 15.0 8.0 0 0
75 16.0 17.0 19.0 18.0 17.0 15.0 14.0 11.0 7.0 2.5 0
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Table 4
Readings at level H=30 cm.

Time [s] Velocities Vy [mm/s] at the distance from the symmetry axis x [cm]

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 15.0 16.0 15.0 14.0 14.0 11.0 9.0 7.0 6.0 5.0 4.0 3.0 2.0 1.0 1.0 0
25 14.0 15.0 15.0 15.0 15.0 15.0 14.0 13.0 10.0 2.0 0 0 0 0 0 0
50 16.0 17.0 17.0 17.0 17.0 16.0 15.0 14.0 11.0 5.0 0 3.0 0 0 0 0

Table 5
Readings at level H=40 cm.

Time [s] Velocities Vy [mm/s] at the distance from the symmetry axis x [cm]

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 14.0 15.0 15.0 15.0 15.0 14.0 12.5 11.0 9.0 7.0 6.0 5.0 4.0 3.0 2.0 1.0 1.0
25 13.0 14.0 15.0 14.0 14.0 13.5 12.0 11.0 10.0 9.0 2.0 0 0 0 0 0 0
50 7.0 8.0 10.0 14.5 14.0 16.0 14.0 13.0 12.5 12.5 11.0 7.0 2.0 0 0 0 0

Appendix A. Empirical analysis of the flow of the flax seed in the model with smooth walls. Discharge from the right
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Table 6
Readings at level H=50 cm.

Time [s] Velocities Vy [mm/s] at the distance from the symmetry axis x [cm]

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

1 15.0 16.0 16.0 17.0 16.0 15.0 14.0 13.0 11.0 10.0 9.0 7.0 5.0 4.0 3.0 2.5 2.5 2.0 1.5 1.5 1.5 1
25 6.0 8.0 10.0 11.0 12.0 12.0 12.0 12.0 12.0 11.0 10.0 5.0 0 0 0 0 0 0 0 0 0 0

Table 7
Readings at level H=60 cm.

Time [s] Velocities Vy [mm/s] at the distance from the symmetry axis x [cm]

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

1 15.0 15.5 16.0 16.0 15.5 16.0 14.0 14.0 12.0 11.0 10.0 8.0 8.5 7.0 5.0 4.5 4.5 3.5 3.0 2.5 2.0 2.0 1.5 1 1

Table 8
Statistical values for calculation of the confidence interval for level H=5 cm.

Distance from the symmetry axis [cm] x=0 x=1 x=2 x=3 x=4 x=5 x=6

Statistical values
P
Vy 31.6 32.8 28.4 16.8 8.6 3.4 1.5
S 5.678 5.381 4.224 1.833 4.030 1.855 0.5
n 5 5 5 5 5 5 2
tn−1;1−α

2
2.7764 2.7764 2.7764 2.7764 2.7764 2.7764 12.706

tn−1;1−α
2

S
ffiffiffiffiffiffiffiffi

n−1
p 7.88 7.47 5.86 2.54 5.59 2.58 6.35

P
Vy−tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p 23.72 25.33 22.54 14.26 3.01 0.82 0

P
Vy + tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p 39.48 40.27 34.26 19.34 14.19 5.98 7.85

Table 9
Statistical values for calculation of the confidence interval for level H=10 cm.

Distance from the symmetry axis [cm] x=0 x=1 x=2 x=3 x=4 x=5 x=6 x=7 x=8

Statistical values
P
Vy 20.4 21.2 22.0 19.6 15.5 11.0 6.2 4.5 2.5
S 6.344 6.013 4.099 2.939 3.0 5.099 2.561 2.291 0.5
n 5 5 5 5 5 5 5 4 2
tn−1;1−α

2
2.7764 2.7764 2.7764 2.7764 2.7764 2.7764 2.7764 3.1824 12.706

tn−1;1−α
2

S
ffiffiffiffiffiffiffiffi

n−1
p 8.81 8.35 5.69 4.08 4.16 7.08 3.56 4.21 6.35

P
Vy−tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p 11.59 12.85 16.31 15.52 11.34 3.92 2.64 0.29 0

P
Vy + tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p 29.21 29.55 27.69 23.68 19.66 18.08 9.76 8.71 8.85

Table 10
Statistical values for calculation of the confidence interval for level H=20 cm.

Distance from the symmetry axis [cm] x=0 x=1 x=2 x=3 x=4 x=5 x=6 x=7 x=8 x=9 x=10 x=11

Statistical values
P
Vy 16.5 17.5 17.75 17.125 16.25 15.25 13.125 10.0 5.0 2.25 1 1
S 0.5 0.5 0.829 1.244 1.920 2.681 2.701 3.391 2.739 0.25 1 –

n 4 4 4 4 4 4 4 4 4 2 1 –

tn−1;1−α
2

3.1824 3.1824 3.1824 3.1824 3.1824 3.1824 3.1824 3.1824 3.1824 12.706
tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p 0.92 0.92 1.52 2.29 3.53 4.93 4.96 6.23 5.03 3.18

P
Vy−tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p 15.58 16.58 16.23 14.84 12.72 10.32 8.17 3.77 0 0

P
Vy + tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p 17.42 18.42 19.27 19.42 19.78 20.18 18.09 16.23 10.03 5.43

Table 11
Statistical values for calculation of the confidence interval for level H=30 cm.

Distance from the symmetry
axis [cm]

x=0 x=1 x=2 x=3 x=4 x=5 x=6 x=7 x=8 x=9 x=10 x=11 x=12 x=13 x=14

Statistical values
P
Vy 15.0 16.0 15.67 15.33 15.33 14.0 12.67 11.33 9.0 4.0 4.0 3.0 2.0 1.0 1.0
S 0.816 0.816 0.943 1.247 1.247 2.16 2.625 3.091 2.16 1.414
n 3 3 3 3 3 3 3 3 3 3 1 1 1 1 1
tn−1;1−α

2
4.3027 4.3027 4.3027 4.3027 4.3027 4.3027 4.3027 4.3027 4.3027 4.3027

tn−1;1−α
2

S
ffiffiffiffiffiffiffiffi

n−1
p 2.48 2.48 2.87 3.79 3.79 6.57 7.99 9.40 6.57 4.30

P
Vy−tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p 12.52 13.52 12.80 11.54 11.54 7.43 4.68 1.93 2.43 0

P
Vy + tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p 17.48 18.48 18.54 19.12 19.12 20.57 20.66 20.73 15.57

Statistical analysis of the experimental results
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Table 14
Statistical data for determination of the stagnant zone boundary.

Time t [s]

Height H [cm] Parameters of regression function and value x [cm] 1 25 50 75 100

5 A1 (A*,a**) 18.71* 10.25 −12.28* −16.22* −10.67*
B1 (B*,b**) 98.07* 10.25 86.43* 95.68* 73.01*
C1 – −2.25 – – –

r 0.998 – 0.988 0.965 0.985
x 5.24 5.40 7.04 5.90 6.84

10 A1 (A*,a**) −13.19* −16.25 33.5** 11.8** 19.45
B1 (B*,b**) 95.13* 20.25 −4.0** −1.2** −0.05
C1 – −2.75 – – −0.25
r 0.962 – −0.97 −0.949 –

x 7.21 6.45 8.38 9.84 8.72
20 A1 (A*,a**) −11.07* −22.8* 34.85** −19.13*

B1 (B*,b**) 11.96* −205.3* −3.15** 203.5*
C1 – – – –

r 0.997 0.965 −0.919 0.978
x 10.80 9.0 11.06 10.6

30 A1 (A*,a**) −7.10* −17.3* −18.6*
B1 (B*,b**) 10.98* 198.4* 228.1*
C1 – – –

r 0.963 0.875 0.933
x 15.50 11.50 12.3

40 A1 (A*,a**) −8.52* −14.1* −27.9*
B1 (B*,b**) 148.0* 184.8* 374.0*
C1 – – –

r 0.96 0.837 0.954
x 17.4 13.1 13.4

(continued on next page)

Table 13
Statistical values for calculation of the confidence interval for level H=50 cm.

Distance from the
symmetry axis x [cm]

Statistical values
P
Vy S n tn−1;1−α

2
tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p

P
Vy−tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p

P
Vy + tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p

0 10.5 4.5 2 12.706 57.18 0 67.68
1 12.0 4.0 2 12.706 50.82 0 62.82
2 13.0 3.0 2 12.706 38.12 0 31.45
3 14.0 3.0 2 12.706 38.12 0 52.12
4 14.0 2.0 2 12.706 25.41 0 39.41
5 13.5 1.5 2 12.706 19.06 0 32.56
6 13.0 1.0 2 12.706 12.71 0.29 25.71
7 12.5 0.5 2 12.706 6.35 6.15 18.85
8 11.5 0.5 2 12.706 6.35 5.15 17.85
9 10.5 0.5 2 12.706 6.35 4.15 16.85
10 9.5 0.5 2 12.706 6.35 3.15 15.85
11 6.0 1.0 2 12.706 12.706 0 18.71
12 5.5 1
13 4.0 1
14 3.0 1
15 2.5 1
16 2.5 1
17 2.0 1
18 1.5 1
19 1.5 1
20 1.5 1
21 1.0 1

Notations
P
Vy average vertical velocity
S standard deviation [24,46]
α significance level
n number of readings
tn−1;1−α

2
quantile of Student's t distribution

tn−1;1−α
2

S
ffiffiffiffiffiffiffiffi

n−1
p half of the confidence interval

P
Vy−tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p lower limit of the confidence interval

P
Vy + tn−1;1−α

2

S
ffiffiffiffiffiffiffiffi

n−1
p upper limit of the confidence interval
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Table 14 (continued)

Time t [s]

Height H [cm] Parameters of regression function and value x [cm] 1 25 50 75 100

50 A1 (A*,a**) 7.18** 30.4**
B1 (B*,b**) −0.301** −2.2**
C1 – –

r −0.997 −0.914
x 23.8 13.82

60 A1 (A*,a**) −8.59 –

B1 (B*,b**) 1.33 –

C1 −0.039 –

r – –

x 25.16 –
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