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ELASTODYNAMIC CONTACT PROBLEM FOR TWO PENNY-SHAPED CRACKS
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Summary The contact interaction of the cracks’ edges is considered for the caseof two penny-shaped cracks located in the plane under
normally incident harmonic tension-compression wave. The components of the stress-strain state are examined. The dependence of
the mode I stress intensity factor on the wave number and mutual arrangement of cracks is studied. The solution is compared with the
results obtained without allowance for the contact interaction.

Let a three-dimensional linearly elastic homogeneous isotropic spaceR3 contain two penny-shaped cracks located in the
coordinate planex1Ox2. The surfaces of cracks are defined by

Ω1 =
{

x2
1 + x2

2 ≤ a2, x3 = 0
}

, Ω2 =
{

(x1 − c)2 + x2
2 ≤ b2, x3 = 0

}

, a + b < c.

A time-harmonic tension-compression wave with frequencyω = 2π/T and amplitudeΦ0 propagates normally to the
cracks’ surfaces. In the process of deformation the adjoining cracks’ edges move (mutual displacements are exemplified
by the displacement discontinuity vector[u(x, t)] and interact with formation of the time-dependent contact domains.
The mentioned contact interaction implies the transformation of the stress-strain state and corresponding transformation
of the stress intensity factors distribution.
The load vector on the cracks’ edges has the form

p(x, t) = p
∗(x, t) + q(x, t), x ∈ Ω1

⋃

Ω2, t ∈ [0;T ],

wherep
∗(x, t) is the load caused by the incident wave,q(x, t) is the contact forces vector originating on the cracks’

surfaces.
In the absence of the tangential forces and displacements itis sufficient to determine only normal components of all
mentioned vectors in order to solve the problem under consideration. According to [1], the following unilateral Signorini
constraints must hold for the normal components of the displacement discontinuity and contact forces vectors

[u3(x, t)] ≥ 0, q3(x, t) ≥ 0, [u3(x, t)]q3(x, t) = 0, x ∈ Ω1

⋃

Ω2, t ∈ [0;T ]. (1)

Expand the normal components of the load vector and the displacement discontinuity vector into a Fourier series

p3(x, t) = Re

{

+∞
∑

k=−∞

pk

3(x)eiωkt

}

, [u3(x, t)] = Re

{

+∞
∑

k=−∞

[uk

3(x)]eiωkt

}

,

whereωk = 2πk/T and

pk

3(x) =
ω

2π

T
∫

0

p3(x, t)e−iωktdt, [uk

3(x)] =
ω

2π

T
∫

0

[u3(x, t)]e−iωktdt. (2)

The Fourier coefficients (2) are related by the following boundary integral system [1]:

pk

3(x) = −

∫

Ω1

⋃

Ω2

F33(x,y, ωk)[uk

3(x)]dΩ, x ∈ Ω1

⋃

Ω2, k = −∞,+∞. (3)

Due to the presence of nonintegrable terms in the integral kernelF33(x,y, ωk), whose rank exceeds the dimension of the
integration region, the hypersingular integrals includedin the boundary integral systems (3) should be treated only in the
sense of the Hadamard finite part [1, 4].
The present paper contains a great deal of numerical resultsand figures corresponding the distribution of the components
of the stress-strain state and the mode I stress intensity factor versus frequency of the incident wave and geometrical
parameters of considered problem (mutual arrangement of the cracks and ratio between the radiia andb).
The results obtained with allowance for contact interaction are compared with those neglecting the contact interaction
[2, 3]. It is important to observe that the cracks’ edges contact interaction changes the solution of the present problem
essentially, both quantitatively and qualitatively.
The submitted solution is not symmetric, but with growth of the distance between the cracks, the interference of the cracks
considerably decreases and the solution tends to the axisymmetric solution obtained for unique penny-shaped crack [1,4,
5].



Information on the distribution of the normal components ofthe displacement discontinuity and contact forces on the
central sectionS = {−a ≤ x1 ≤ a, x2 = 0, x3 = 0} of the crackΩ1 versus time is presented in Figs. 1 and 2. The
reduced wave numberk2a = 3.0; a/b = 1; distance between cracks’ centersc = 2.1a; elastic modulusE = 200 GPa,
Poisson’s ratioν = 0.25, densityρ = 7800kg/m3.

Figure 1. Normal components of the displacement discontinuity

Figure 2. Normal components of the contact forces

The results presented here and in our previous publicationsindicate the necessity of the allowance for cracks’ edges
contact interaction in strength analyses of structures by methods of the fracture mechanics.

References

[1] Guz A.N., Zozulya V.V. Elastodynamic unilateral contactproblems with friction for bodies with cracks.International Applied Mechanics 38(8):
895-932, 2002.

[2] Kassier M.K., Sih G.C.: Mechanics of fracture. Three-dimensional crack problems, Vol. 2, Netherlands Noordhoff Intern. Publ., Leyden, 1975.
[3] Zhang Ch., Gross D.: On wave propagation in elastic solids with cracks. Comp. Mech. Publ., Southampton, UK, Boston, USA, 1998.
[4] Zozulya V.V., Men’shikov A.V. On one contact problem in fracture mechanics for a normally incident tension-compression wave.International

Applied Mechanics 38(7): 824-828, 2002.
[5] Zozulya V.V., Menshykov O.V. Use of the constrained optimization algorithms in some problems of fracture mechanics.Optimization and Engi-

neering, 4, 365-384, 2003.


