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Summary: Stress-strain rel ationsfor Hookean material swith spherical voidsor penny-shaped microcracksarederived. The
constitutive relation for voided material is based on the analytical expression by Eshelby whereas the theoretical work by
Kachanov provided the foundation for the material model of microcracked material. The postulate of strain equivaence
was shown to be incompatible with the analytical expression by Eshelby.

Damage description by the postulate of strain equivalence - the effective stress ¢ concept
By following the postulate of strain equivalence by Chaboche (1978, p. 19) theeffective stresstensor 6 and the constitutive
tensor for the damaged material C can be obtained from

G = C:e® and 6 - Ce® which give G :- C:Se. (1)

Equation (1), utilisesthe definition of the compliance tensor for the damaged material S. Thedefinitionis S:C := 1. The
compliancetensor S is assumed to be separable as follows:

S=s5+99 2

where the superscript “d” refers to damage. Substitution of the Separation (2) into Equation (1), yields
6 -C:Sio - C:[S+S%:6 =]l +C:S:0. ©)

The concept of the effective stress ¢ by Rabotnov (1968, p. 344) can be extended for three-dimensional form as follows:

1D @)
In order that Expressions (1), and (4) would equal, the following should hold:
c:S=1(1-D)*t which yields S=-(1-D)'s. (5)
Separation (2) alows Equation (5), to be written in the form
S+ S - (1-D)'s, which yields st - —2os, ©)

Porous material with linear elastic matrix

Eshelby (1957) studied the elastic field in a Hookean material containing an ellipsoidal inclusion. As a specia case he
determined the value for the complementary strain-energy density w® of amaterial containing “avolume fraction f” of
inhomogeneous spheres. For the purpose of thiswork theinhomogeneous spheresare* replaced” by spherical cavities. This
is done by assuming that the values for the elastic constants for the cavities vanish. The complementary strain-energy
density wo,f) takes the form (Eshelby, 1957, p. 390)
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where 4 and p are the Lamé elastic constants of the matrix material. The values for the parameters A andB for spherical
cavities and the deviatoric stress s and are obtained from
A - 6u + 34 and B - 1512 -v)

and  s:=Kie whee K:i=1-211. (g)
4u 7-5v 3

Thenotations 1 and | refer to the second-order and to the fourth-order identity tensor. Based on Expression (7) the elastic
strain tensor ¢ © takes the following form:

ow’(o,f) 1 . 1 .
e® = = 1+Af)ll.6 + — (1 + Bf)K:o.
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Expression (9) can be written in the form
e =[S+ 9h)]o, (10)

where the compliance tensor for Hookean material S and the compliance tensor voids S'(f) are defined by

S::;11+iK and S"(f)::A—f11+B_fK. (12)
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Equation (6), shows that according to the postulate of strain equivalence the compliance tensors S and S have alinear



rel ationship. Comparison of Definitions (11) howsthat material parameters Aand B haveto equal in order thetensor S'(f)
would be possible to expressas afunction of thetensor S. If the Poisson’ sratio took thevalueof v = 0.2. Therefore, for
stedls, for example, the postulate of strain equivalence does not give compatible results with the analytical expression.

Hookean material with micricracks
According to Kachanov (1980, p. 1045) the complementary strain-energy density w® of a Hookean solid with non-
interactive cracksis given by
1 , 1 1 & 1 ~p
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where V" isthevolumeof thebody intheinitial crack freeconfigurationand k isthenumber of crackswithinthevolume V°
(Vakulenko and Kachanov, 1971, p. 160 and 161). In Equation (12) the area of the p’th crack is denoted by AP and the
unit normal vector to the surface AP is denoted by AP. The vector b describing the jump between the material points
across the crack is, according to Kachanov [1980, Eq. (20a)], for penny-shaped cracks
2
b = B,/(@")?%-r? {c'ﬁp - Xﬁp(ﬁp.c-ﬁp)}, where B, = 161 -v7) (13)
2 nER2 -v)

In nger on (13) aP istheradiusof thep’th microcrack, r istheradial coordinate of the microcrack. The superscript “K”
in b"" refersto Kachanov. In Equation (13) amisprint iscorrected i.e. thefirst term between the braces fiP- ¢ by Kachanov
is replaced here by the term 6-fiP. In thiswork Kachanov's Equation (13) [already corrected] is replaced by

b? = B,y (@P)? - r? {c-ﬁp - [1 - H] AP(AP-6-fiP) - % Hﬁp(ﬁp-o'ﬁp)}, where  H = H(fP-6-A"). (14)

The Heaviside function H(e, fiP) guarantees that under compression the microcrack surfaces do not penetrate each other.
Dueto simplicity auniaxial microcrack field is studied. The normals of the microcracks are assumed to be paralld to the
X, -axis. The stress-strain relation has the same form as for porous material, viz.

e =[S+ o, (15)
If the number of parallel microcracksis denoted by p, i the non-zero components of the compliance tensor S¢ are
Aij 2
St = 45( e X] > A(f/ZH(Gn)’ where B-—20-v) (16)
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and
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Discussion and conclusions

The above given stress-strain relations for Hookean material with spherical voids or penny-shaped microcracks play
important role in damage mechanics, sincethey are based on analytical expressions. It is noteworthy that the results of the
postulate of strain energy are in contradiction with the analytical stress-strain relation by Eshelby (1957). A keen reader
on this topic may study the papers Santaoja (1989) and (2002).
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