
121/,1($5�9,%5$7,216�2)�6+$//2:�6+(//6�$1'�7+,1�3/$7(6�2)�$5%,75$5<�6+$3(/LGLMD�9��.XUSD��*DOLQD�9��3LOJXQ'HSDUWPHQW�RI�$SSOLHG�0DWKHPDWLFV��1DWLRQDO�7HFKQLFDO�8QLYHUVLW\�³.KDUNRY�3RO\WHFKQLF�,QVWLWXWH´�����)UXQ]H�VWU���������.KDUNRY��8NUDLQH6XPPDU\ /DUJH� DPSOLWXGH� IOH[XUDO� YLEUDWLRQV� RI� WKLQ�SODWHV�DQG�VKDOORZ� VKHOOV�ZLWK� WKH�FRPSOH[�SODQV�DUH� VWXGLHG�E\� WKH�5�IXQFWLRQ�PHWKRG��5)0���7KH�DOJRULWKP�LV�EDVHG�RQ�WKH�UHGXFLQJ�WKH�JLYHQ�SUREOHP�WR�UHVHDUFK�RI�WKH�QRQOLQHDU�GLIIHUHQWLDO�HTXDWLRQ�RI�'XIILQJ�W\SH��,WV�IDFWRUV�DUH�GHWHUPLQHG�DV�D�UHVXOW�RI�VROYLQJ�WKH�ERXQGDU\�YDOXH�SUREOHP�E\�YDULDWLRQDO�5LW]�PHWKRG��7KH�VHTXHQFHV�RI�FRRUGLQDWH�IXQFWLRQV�ZHUH�FRQVWUXFWHG�E\�WKH�5�IXQFWLRQ�WKHRU\��2EWDLQHG�UHVXOWV�DUH�FRPSDUHG�ZLWK�ZHOO�NQRZQ�IURP�RWKHU�ZRUNV�352%/(0�67$7(0(17�)RU� UHVHDUFK� RI� JHRPHWULFDOO\� QRQOLQHDU� IUHH� YLEUDWLRQV� RI� LVRWURSLF� VKDOORZ� VKHOOV� �QHJOHFWLQJ� WDQJHQWLDO� LQHUWLD�� WKH�HTXDWLRQV�>�@�DUH�XVHG�� � � � � � � �°̄°®­ �¸̧¹·¨̈©§ ww��¹̧·©̈§ ww�����ww��ww����ww� �������
�

�
� �������� \ZNN[ZNNZNNNN\XNN[XNNKZWZ(K [\\[\[\[\[\[ PPPPPPU

� � � � � � ������ ���
�

�  °¿°¾
½»»¼º««¬ª ¸̧¹·¨̈©§ ww�ww���ww�wwww�¸̧¹·¨̈©§ wwww�ww�wwwww��»»¼º««¬ª ¸̧¹·¨̈©§ ww�ww���ww�wwww� [Z\ZZNN\Y[X\Z\Z[Z[Y\X\[Z\Z[ZZNN\Y[X[Z \[\[ PPPPPPP �������

� � � �Z/Z/8$ N � G � ���
ZKHUH��� »¼º«¬ª»»»

»
¼
º

«««
«
¬
ª

ww��wwwww� www�ww��ww YX[\\[
\[\[8$

�
�

�
��

�
�
�

�
�

����
���� PP
PPG ���� � � � �� � »»»¼

º
«««¬
ª

ww� ww�� \ZNN [ZNNZ/ [\
\[N PP ������� � � � � � �� � � � »»»¼

º
«««¬
ª

��� ���� 
��������������
��������������

���� ���� ZZZZ ZZZZZ/ PP PP �
+HUH� � � ZYX8 �� G DUH� GLVSODFHPHQWV� RI� D� VKDOORZ� VKHOO�PHGLDQ� VXUIDFH� LQ� GLUHFWLRQV� ]\[ �� �� \[ NN � DUH FXUYDWXUHV� RI� WKH�VKDOORZ� VKHOO� HOHPHQW�� ( �� K �� U �� P DUH� WKH�PRGXOXV�RI� HODVWLFLW\�� WKLFNQHVV� RI� VKHOO� HOHPHQW�� GHQVLW\�RI� D�PDWHULDO� DQG�3RLVVRQ¶V�UDWLR��UHVSHFWLYHO\��7KH�HTXDWLRQV�������VKRXOG�EH�MRLQWHG�ZLWK�DSSURSULDWH�ERXQGDU\�DQG�LQLWLDO�FRQGLWLRQV�
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)RU� JLYHQ� H[DPSOH� WKH� VHTXHQFHV RI� FRRUGLQDWH� IXQFWLRQV� DUH� LLLLLL :YX ����� �� MZZZMZM    �� ZKHUH�^ �̀ ������������� 1LMML   M DUH DQ\�FRPSOHWH�VHTXHQFHV RI�IXQFWLRQV��IRU�H[DPSOH��SRZHU SRO\QRPLDOV�� � Z LV�WKH�HTXDWLRQ�RI�WKH� ZKROH� DUHD¶V� ERXQGDU\� DQG� ��  Z LV� WKH� HTXDWLRQ� RI� WKH� FODPSHG� SDUW� RI� WKH� ERXQGDU\��.QRZLQJ� WKH� QDWXUDO� YHFWRU�DSSURSULDWH�WR�WKH�EDVLF�IUHTXHQF\� /Z DQG�VROYLQJ�V\VWHP� � ��� :/8$  G ��IXQFWLRQV� �� � YX DUH�GHWHUPLQHG� 7KH�ODVW V\VWHPLV�VROYHG�DOVR�E\�5LW]�PHWKRG��7KH�FDOFXODWLRQ�ZDV�FDUULHG�RXW�DW�WRWDO�QXPEHU�RI�FRRUGLQDWH�IXQFWLRQV�����WKDW�FRUUHVSRQGV�WR���WK�GHJUHHV�SRZHU SRO\QRPLDOV�DSSUR[LPDWLQJ X DQG� Y � DQG���WK�GHJUHHV�SRO\QRPLDO�DSSUR[LPDWLQJ �: ��7HVWLQJ�RI�WKH�VXJJHVWHG�PHWKRG� DQG� WKH�DSSURSULDWH�VRIWZDUH�ZDV� H[HFXWHG� IRU� D�SODWH�VKRZQ�LQ� ILJ��� LI� � F ��7KH�REWDLQHG�UHVXOWV�DUH�SUHVHQWHG�RQ ILJ����7KH�QXPHULFDO�UHVXOWV IRU�VTXDUH�VLPSO\�VXSSRUWHG�SODWH�DUH�VKRZQ�RQ�ILJ��D DQG�IRU�VTXDUH�FODPSHG�RQH�DUH� DW� ILJ��E�� )RU� WKH� FRPSOH[� VKDSH� SODWH� �ILJ���� WKH� LQIOXHQFH� RI� FXW� RXW� GHSWK� DF � XSRQ� IUHTXHQFLHV� UDWLR� X ZHUH�LQYHVWLJDWHG�� 2EWDLQHG� UHVXOWV DUH� SUHVHQWHG� RQ� ILJ����:KHQHYHU� SRVVLEOH� QXPHULFDO� UHVXOWV� DUH� FRPSDUHG�ZLWK� VLPLODU RI�RWKHU�ZRUNV��,W DOORZV�WR�FRQILUP�WKH�UHOLDELOLW\�RI�VXJJHVWHG�PHWKRG�

&21&/86,2167KH� VXJJHVWHG� PHWKRG� IRU� DQ� LQYHVWLJDWLRQ� RI� ODUJH� DPSOLWXGH� IUHH� YLEUDWLRQ� RI� VKDOORZ� VKHOOV� DQG� WKLQ� SODWHV� DQG�FRUUHVSRQGLQJ�VRIWZDUH�DUH�HIIHFWLYH GXH� WR� WKH�5�IXQFWLRQ� WKHRU\��7KH\�FDQ�EH�XVHG� IRU� VKDOORZ�VKHOOV�RI�DUELWUDU\�VKDSH�DQG�YDULRXV�W\SHV�RI�ERXQGDU\�FRQGLWLRQV�UHVHDUFK�5HIHUHQFHV>�@�$�6��9ROPLU��1RQOLQHDU�G\QDPLFV�RI�SODWHV�DQG�VKHOOV��1DXND��0RVFRZ��5XVVLD��������LQ�5XVVLDQ��>�@� (�,�� *ULJRO\XN�� $ERXW� WKH� YLEUDWLRQV� RI� FLUFXODU� F\OLQGULFDO� SDQHOV� DW� ILQLWH DPSOLWXGHV�� $SSOLHG� 0DWKHPDWLFV DQG�0HFKDQLFV������������������� �LQ�5XVVLDQ��>�@�9�/��5YDFKHY��7KHRU\�RI�5�± IXQFWLRQV�DQG�VRPH�RI�LWV�DSSOLFDWLRQV��1DXND�'XPND��.LHY��8NUDLQH�������LQ�5XVVLDQ��>�@�/�9��.XUSD��*�9��3LOJXQ��2�*��2QXSKULHQNR��$Q�DSSOLFDWLRQ�RI�5�IXQFWLRQV�PHWKRG�IRU� IUHH�YLEUDWLRQV�RI�FDQWLOHYHUHG�RUWKRWURSLF�VKDOORZ�VKHHOV�ZLWK�JLYHQ�SODQIRUP��7KH�EXOOHWLQ�RI�178�³.K3,´�������������������LQ�5XVVLDQ��>�@� +�1�� &KX� DQG�*��+HUPDQQ�� ,QIOXHQFH� RI� ODUJH� DPSOLWXGHV� RQ� IUHH� IOH[XUDO� YLEUDWLRQV� RI� UHFWDQJXODU� HODVWLF� SODWHV�� -��$SSO��0HFK����� ��������������>�@�0HL�&KXK�DQG�.DPROSKDQ�'HFKD�8PSKDL��$�ILQLWH�HOHPHQW�PHWKRG�IRU�QRQOLQHDU�IRUFHG�YLEUDWLRQV�RI�UHFWDQJXODU�SODWHV��-��$,$$���� ����������������>�@�<��6KL�<��&��0HL� ��$�ILQLWH�HOHPHQW� WLPH�GRPDLQ�PRGDO� IRUPXODWLRQ� IRU� ODUJH�DPSOLWXGH� IUHH�YLEUDWLRQV�RI�EHDPV�DQG�SODWHV���-RXUQDO�RI�6RXQG�DQG�9LEUDWLRQ��������������������
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