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Summary A perturbatiortheoryfor the large amplitudevibrationanalysisof general staticallyloadedimperfectstructuress usedto

investicatethe dependencef the naturalfrequencie®f structurenfinite vibrationamplitudesijnitial geometriamperfectionsanda
nonlinearstaticdeformation.An extensionto a multi-modeanalysisis presentedCharacteristicesultsof the buckling andnonlinear
vibrationanalysisof isotropicandcompositeshellsillustratethe capabilitiesof the computationamodulesdeveloped.

INTRODUCTION

A perturbatiortheoryfor the large amplitudevibration analysisof general staticallyloadedimperfectstructureds pre-
sented.The methodis basedon a perturbationexpansionfor boththe frequeng parameteandthe dependenvariables.
The theory developedforms an extensionof earlierwork in [4] and[5], and makesit possibleto investicate the de-
pendencef the naturalfrequencieof structureson finite vibration amplitudes,initial geometricimperfections,anda
nonlinearstaticdeformation(orthogonato the axisymmetridundamentasttate).

STATIC AND DYNAMIC ANALY SIS

UsingD’Alembert’s principleto introduceinertial loading,the variationalequationof motion (dynamicequilibrium)can
beformulatedasfollows,

M(U)-du+0c-de=q-du Q)

whereu, €, and o denotethe generalizeddisplacementstrain, and stress,respectiely. Thesefield variablescan be
interpretedasvectorfunctionswith variablesappropriateto the problem. Further M is the generalizednassoperatorq
is the appliedload, and (") = 3%( )/dt?, wheret denotegime. In Eq. (1) a- b is the virtual work of stressesr loadsa
actingthroughstrainsor displacementb, integratedover the entirestructurefor kinematicallyadmissiblevariationsou.
In addition,we have the strain-displacementlation

£E= Ll(u)+%L2(u)+L11(J, U) (2)

whereu is aninitial geometricimperfection,andwherelL; andL, are homogeneous$inear and quadraticfunctionals,
respectiely, andL ;1 is ahomogeneoubilinearfunctional[4, 5].

The situationof a dynamicstateon a nonlinearstatic stateis analysedor the casethata naturalfrequeng corresponds
to a singlevibration mode. Assumingthat the structureis vibratingin a deformedconfigurationdueto a staticloading
(the ‘static’ state),the variablescan be written as a superpositiorof two states. The static stateresponsen turn is
assumedo consistof a (nonlinear)fundamental‘trivial’) stateanda nonlinearbuckling (‘nontrivial’ or ‘orthogonal’)
state.The nonlinearityof the buckling stateis takeninto accountvia a perturbatiorexpansionof the buckling variables.
The equationgyoverningthe equilibrium of the fundamentaktaticstate the (nonlinear)buckling state,andthe dynamic
state respectiely, canbederived systematically

Thefirst-orderstateequatiorformsaneigervalueproblemfor theunknavn naturalsquardrequeny 2. Therelationof
thefrequeng squaredo thevibrationamplitudeandtheeffective imperfectionamplitudeis derivedvia a contractiorpro-
cedurej.e., thefirst-orderequilibriumequationat the critical point (which canbe seenasanorthogonalizatiorcondition
for the highermodeswith respecto thecritical mode)is usedasa constrainto eliminatethethird-ordervariables.

DYNAMIC MULTI-MODE ANALYSIS

If anaturalfrequeny correspondso morethanonevibrationmode,a multi-modeanalysiscanbe performedanalogous
to the analysisin [2] for buckling modeinteraction. Supposinghatthereare M vibration modes,denotedas ug,, with
correspondingaturalfrequeny squaredv? = wgl andamplitudeé; (i=1,2,...,M), thedynamicstatedisplacementield
for a‘perfect’ unloadedstructurecanbewritten as

Ug = &ilg + &ijug; + ... ©)

with correspondingxpressiongor the stressandstrainfields,
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Figure 1. Amplitude-fequencyurvesfor SingleModeand CoupledModenonlinearvibrationsof isotropic shell. Comparisorbetween
SimplifiedAnalysis(vibration modeamplitude|A|) and presentExtendedAnalysis(vibration modeamplitudeé); Q = w/ wy, .

04 =§i0qg +&iéjog; +... (4)
€4 = §i€q +&igjeq; + ... ®)

In this casenonlinearamplitude-frequencrelationsareobtainedof the following form,

2
§l1— =)+ AGEE + B EE&=0, 1=12....M (6)

|
wherethecoeficientsAjj; andB;j dependonthefirst-orderandsecond-ordestressandstrainfields, respectiely.
The perturbationtheory developedis appliedto the nonlinear(large amplitude)vibration problemof anisotropiccylin-
drical shellsincluding edgeeffects. The startingpoint of the analysisare the Donnell-typedifferential equationof an
anisotropiccircular cylindrical shell. An axisymmetricfundamentaktateis includedin the formulation. Thefirst-order
stateproblemconstitutesan eigervalueproblemfor the unknavn eigenfrequencieandvibrationmodes.The associated
higherorder stateproblemsare responsegroblemswith coeficientsthat dependon the solution of the first-orderstate
problem.
Koiter'sinitial post-huckling andimperfectionsensitvity theorydealswith the dependencef the load parametepn the
deflectionandimperfectionamplitudedn the caseof staticbuckling problems.In [1], Koiter’s theoryhasbeenappliedto
thebuckling of compositecylindrical shells. Thetheorydevelopedin the presenpapers relatedto thework describedn
[1]. Theperturbatiorapproachasbeenappliedto the singlemodenonlinearvibrationsof compositeshellsin [3].

RESULTS

Characteristicesultsof the buckling andnonlinearvibration analysisof isotropicandcompositeshellsare presentedin
orderto illustratethe capabilitiesof the computationamodulesdeveloped.In Figure 1 theamplitude- frequeng curves
of the coupledmodenonlinearvibrationsof anisotropicshell are comparedwith the single moderesults,for different
levelsof analysiscompleity. In the presentanalysigdenotedas'ExtendedAnalysis’) the specified('simply supported’)
boundaryconditionsaretakeninto accountaccuratelywhile in the ‘Simplified Analysis’ theseboundaryconditionsare
satisfiedonly approximately
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