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Summary A perturbationtheoryfor thelargeamplitudevibrationanalysisof general,staticallyloadedimperfectstructuresis usedto
investigatethedependenceof thenaturalfrequenciesof structuresonfinite vibrationamplitudes,initial geometricimperfections,anda
nonlinearstaticdeformation.An extensionto a multi-modeanalysisis presented.Characteristicresultsof thebuckling andnonlinear
vibrationanalysisof isotropicandcompositeshellsillustratethecapabilitiesof thecomputationalmodulesdeveloped.

INTRODUCTION

A perturbationtheoryfor the largeamplitudevibrationanalysisof general,staticallyloadedimperfectstructuresis pre-
sented.Themethodis basedon a perturbationexpansionfor both thefrequency parameterandthedependentvariables.
The theory developedforms an extensionof earlier work in [4] and [5], and makes it possibleto investigate the de-
pendenceof the naturalfrequenciesof structureson finite vibration amplitudes,initial geometricimperfections,anda
nonlinearstaticdeformation(orthogonalto theaxisymmetricfundamentalstate).

STATIC AND DYNAMIC ANALYSIS

UsingD’Alembert’s principleto introduceinertial loading,thevariationalequationof motion(dynamicequilibrium)can
beformulatedasfollows,

M
�
ü ��� δu � σ � δε � q � δu (1)

whereu, ε, and σ denotethe generalizeddisplacement,strain, and stress,respectively. Thesefield variablescan be
interpretedasvectorfunctionswith variablesappropriateto theproblem.Further, M is thegeneralizedmassoperator, q
is theappliedload,and

�
¨ ��� ∂ 2 � ��� ∂ t2, wheret denotestime. In Eq. (1) a � b is thevirtual work of stressesor loadsa

actingthroughstrainsor displacementsb, integratedover theentirestructurefor kinematicallyadmissiblevariationsδu.
In addition,wehave thestrain-displacementrelation

ε � L1
�
u �	� 1

2
L2
�
u �	� L11
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ū 
 u � (2)

whereū is an initial geometricimperfection,andwhereL1 andL2 arehomogeneouslinear andquadraticfunctionals,
respectively, andL11 is ahomogeneousbilinearfunctional[4, 5].
Thesituationof a dynamicstateon a nonlinearstaticstateis analysedfor thecasethata naturalfrequency corresponds
to a singlevibrationmode. Assumingthat the structureis vibrating in a deformedconfigurationdueto a staticloading
(the ‘static’ state),the variablescan be written as a superpositionof two states. The static stateresponsein turn is
assumedto consistof a (nonlinear)fundamental(‘tri vial’) stateanda nonlinearbuckling (‘nontrivial’ or ‘orthogonal’)
state.Thenonlinearityof thebuckling stateis takeninto accountvia a perturbationexpansionof thebuckling variables.
Theequationsgoverningtheequilibriumof thefundamentalstaticstate,the(nonlinear)buckling state,andthedynamic
state,respectively, canbederivedsystematically.
Thefirst-orderstateequationformsaneigenvalueproblemfor theunknown naturalsquarefrequency ω2

0 . Therelationof
thefrequency squaredto thevibrationamplitudeandtheeffective imperfectionamplitudeis derivedvia acontractionpro-
cedure,i.e., thefirst-orderequilibriumequationat thecritical point (which canbeseenasanorthogonalizationcondition
for thehighermodeswith respectto thecritical mode)is usedasaconstraintto eliminatethethird-ordervariables.

DYNAMIC MULTI-MODE ANALYSIS

If a naturalfrequency correspondsto morethanonevibrationmode,a multi-modeanalysiscanbeperformed,analogous
to the analysisin [2] for buckling modeinteraction. Supposingthat thereareM vibration modes,denotedasudi , with
correspondingnaturalfrequency squaredω2 � ω2

0i
andamplitudeξi (i � 1
 2
��
����
 M), thedynamicstatedisplacementfield

for a ‘perfect’ unloadedstructurecanbewrittenas

ud � ξiudi � ξiξ judi j ������� (3)

with correspondingexpressionsfor thestressandstrainfields,
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Figure 1. Amplitude-frequencycurvesfor SingleModeandCoupledModenonlinearvibrationsof isotropicshell.Comparisonbetween
SimplifiedAnalysis(vibrationmodeamplitude� Ā� ) andpresentExtendedAnalysis(vibrationmodeamplitudeξ ); Ω � ω � ω01.

σd � ξiσdi � ξiξ jσdi j ���
��� (4)

εd � ξiεdi � ξiξ jεdi j ������� (5)

In thiscasenonlinearamplitude-frequency relationsareobtainedof thefollowing form,

ξI � 1 � ω2

ω2
0I

� � Ai j I ξiξ j � Bi jkI ξiξ jξk � 0
 I � 1
 2
��
����
 M (6)

wherethecoefficientsAi j I andBi jkI dependon thefirst-orderandsecond-orderstressandstrainfields,respectively.
The perturbationtheorydevelopedis appliedto the nonlinear(large amplitude)vibration problemof anisotropiccylin-
drical shellsincluding edgeeffects. The startingpoint of the analysisarethe Donnell-typedifferentialequationsof an
anisotropiccircularcylindrical shell. An axisymmetricfundamentalstateis includedin the formulation. Thefirst-order
stateproblemconstitutesaneigenvalueproblemfor theunknown eigenfrequenciesandvibrationmodes.Theassociated
higher-orderstateproblemsareresponseproblemswith coefficientsthat dependon the solutionof the first-orderstate
problem.
Koiter’s initial post-buckling andimperfectionsensitivity theorydealswith thedependenceof the loadparameteron the
deflectionandimperfectionamplitudesin thecaseof staticbucklingproblems.In [1], Koiter’s theoryhasbeenappliedto
thebucklingof compositecylindrical shells.Thetheorydevelopedin thepresentpaperis relatedto thework describedin
[1]. Theperturbationapproachhasbeenappliedto thesinglemodenonlinearvibrationsof compositeshellsin [3].

RESULTS

Characteristicresultsof thebuckling andnonlinearvibrationanalysisof isotropicandcompositeshellsarepresented,in
orderto illustratethecapabilitiesof thecomputationalmodulesdeveloped.In Figure1 theamplitude- frequency curves
of the coupledmodenonlinearvibrationsof an isotropicshell arecomparedwith the singlemoderesults,for different
levelsof analysiscomplexity. In thepresentanalysis(denotedas‘ExtendedAnalysis’) thespecified(‘simply supported’)
boundaryconditionsaretaken into accountaccurately, while in the ‘Simplified Analysis’ theseboundaryconditionsare
satisfiedonly approximately.
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