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Summary On the basis of the ordinary thin plate theory, the analytical solution for the deflection by the bending of a
clamped elliptical plate subjected to the uniform lateral load and in-plane force simultaneously is derived by the use of
the elliptical cylinder coordinates. The solution is expressed in the form of an infinite series of Mathieu functions. The
expressions for the bending moments are also derived analytically. Numerical calculation results are presented.

INTRODUCTION

Plane plates used as the elements of mechanical structures are commonly undergoing the action of various types
of external forces in practical uses and therefore many studies on the bending of those plates have been reported
during past years. About the bendings of rectangular plates and circular ones, which are subjected to the
combined action of lateral load and in-plane force, the analytical solutions can be seen in the reference[l]. Also
the studies on the bending of elliptical plates subjected to the action of external forces have been continued up
to date[2]-[4]. An attempt to acquire the analytical solution for the bending of a clamped elliptical plate under
the combined action of lateral load and in-plane force was made by Basuli[2]. However, his final solution is an
approximation made by taking only a single Mathieu function of zero order[5]; besides, he gave no numerical
information. Therefore, it cannot be regrettably stated that he had perfectly performed the theoretical analysis
of the problem posed in his paper. The research on the purely analytical solutions for the bendings of plates
contributes to the advance of the mathematical theory of elasticity; besides, the analytical solutions obtained
successfully are very useful for confirming the validity of the other approximate numerical techniques. From the
viewpoint of the usefulness of an elliptical plate as structural element and the importance of the research on
the analytical solution for its bending, it is the purpose of this report to present the exact analytical solution
for the bending of a clamped elliptical plate under the combined action of lateral load and in-plane force. Upon
applying the orthogonality of Mathieu functions|6], the final deflection solution is expressed in the form of
an infinite series of Mathieu functions. Moreover the expressions for bending moment distributions are also
presented in this report. Some numerical calculation results are shown in a table and figures.

BASIC EQUATION AND ITS SOLUTION

The present problem is analyzed exactly in terms of the elliptical cylinder coordinates (£, 7, z) which are related
to the rectangular coordinates (z,y, z) by the relations z = ccosh £ cosn, y = c¢sinh€sing, 2z = z with the semi
focal length c. It is noted that c is denoted as ¢ = 4/a?2 — b? in terms of the semi major axial-length a and
the semi minor axial-length b. The differential equation for the deflection w of a clamped elliptical plate under
uniform lateral load p and uniform in-plane compressive force T is given, by using the flexural rigidity D, as
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The boundary conditions of an elliptical plate clamped along its periphery £, are
w =0, Ow/0[e—¢, =0. (2)

The solution w satisfying the boundary conditions (2) is, by using the Mathieu functions ces,,, the modified
Mathieu functions Ces,, and the Fourier coeflicients Agim) of Mathieu function(5],
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where ¢ = Tc?/4D, v denotes the Poisson’s ratio and f», consist of the hyperbolic functions and the modi-
fied Mathieu functions. The bending moments M; and M, per unit length of sections of an elliptical plate

perpendicular to £ and 7 axes are, respectively,
x
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where H(l) H(2

2 and H. ;f,{ consist of the hyperbolic functions and the modified Mathieu functions, and a2, are
the characterlstlc numbers of Mathieu functions(5].

NUMERICAL RESULTS

In numerical calculations for the elliptical plates having various aspect ratios a,/b,, the deflection and the
moments were nondimensionalized as

8(&m) = w(&n)/(pb3/D), alé,n) = M¢(€,m)/(pb3),  B(€,n) = My(&,m)/ (pb3). (6)

It is noted that 6, o and § are directly proportional to w, M, and M,, , respectively, and inversely proportional
to p. Calculated results for various in-plane compressive force parameters A\b2 in the case of a,/b, = 2 are given
in a table and figures. Poisson’s ratio v is 0.3. The numerical results are satisfactory as a whole and the detailed
discussion will be presented at the conference.
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Figure 1. Dimensionless deflection § and bending moments «,3 : (a) & = §(£,n/2) along the minor axis ; (b)
8o = 6(0,m)(a < ¢),8(&,0)(a > ¢) along the major axis ; (c) oo = a(£,,n) along the periphery ; (d) 8o = 8(£o.m)
along the periphery. —— Xb2 = —4; ------ , A2 =0 , Ab2 = 4 ; ———, the periphery depicted by taking
the dimensionless coordinate axes a/a, and b/b, scaled differently for representing the ellipticity 1/2.
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