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SIZE-EFFECTS IN VOID GROWTH
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Summary A recentfinite straingeneralizationof a higherorderstraingradientplasticity theoryis usedto studyhow void growth is
influencedby themateriallengthparametersonthemicronscale.Theanalyzesarebasedonaunit cell modelconsideringeitheraplane
strainmodelwith cylindrical voidsor anaxisymmetricmodelwith morerealisticarraysof sphericalvoids. It is shown thatgradient
contributionsto thematerialhardeningsuppressvoid growth significantlywhenvoidsaresmall.

INTRODUCTION

Recentexperimentalandnumericalwork (e.g. [1]) have shown thatvoid growth on themicronscaleexhibit significant
size-effects. Thesefindings are supportedby theoreticalargumentsbasedon the conceptof geometricallynecessary
dislocationsfrom dislocationmechanics.Suchsizeeffectscannotbemodeledby conventionalcontinuumtheories,since
they useno materiallengthparameters.In recentyearsseveralgradienttheorieshave beenproposed,which canmodel
sizeeffectsby usingmateriallengthparameters.Someof thesetheoriesareof higherordernature,usinghigherorder
stressesaswork conjugatesto higherorderstrainsandhigherorderboundaryconditions,while othersareof lower order
nature,in thatthey retainthestructureof conventionalboundaryvalueproblemsin solidmechanics.
While somestudiesof void growth arebasedongrowth of asinglevoid in aninfinite medium[2], thepresentwork studies
sizeeffectsfor void growth in elastic-plasticmaterialswith periodicdistributionsof cylindrical or sphericalvoids. Since
the focusis on size-effects,a recenthigherorderstraingradientplasticity theoryproposedin [3] is usedto model the
matrix material. The problemof void growth inherentlyinvolveslarge plasticdeformations,which meansthat a finite
strainmodelis needed.Hence,a recentfinite straingeneralizationproposedin [4] is implementedinto a finite element
programandusedto studytheproblemnumerically.
The resultspresentedin the presentwork focuson the effect of materiallengthparameterson the overall propertiesof
metalscontainingvoids. Resultsarepresentedwhich highlight the strengthof the materialscontainingdifferent size
voids,andwhich illustratethegrowth in void volumevs. overall deformationat differentratiosof thevoid radiusto the
materiallengthscales.

FINITE STRAIN GRADIENT PLASTICITY MODEL

Thefinite straingeneralization[4] of thestraingradientplasticity theoryproposedin [3] is basedon thefollowing form
of theprincipleof virtual work in thecurrentconfiguration
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Here, ����� is the conventionalCauchy stresstensor, �
���� is the strain rate, ������� is von Mises’s effective stress,� is a

generalizedeffectivestress,and �
 � # -. �
 ���� �
 ���� is theeffectiveplasticstrainrate,with �
 ���� denotingtheplasticstrainrate.

The higherorderstress,which is work conjugateto the gradientof the effective plasticstrain, is denoted�/� . With 0 �
denotingthe unit surfacenormal,the right handsideof the principle of virtual work consistsof contributionsfrom the
traction& � # � ��� 0 � whichworksagainstthedisplacements)	� , aswell asfrom thehigherordertraction* # � � 0 � , which
work againsttheeffective plasticstrain.
Letting 1 denotethematerialdilatation,Kirchhoff stressmeasuresaredefinedas
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With anupdatedLagrangianformulationin mind,theseKirchhoff stressescanbeusedto rewrite theincrementalprinciple
of virtual work asfollows
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Here,derivativesareevaluatedin thereferenceconfiguration,andtheright handsideis basedon nominaltractions.The
constitutive relationfor theJaumannrateof theKirchhoff stressis takento be:2 ��� #RQ ����B+S�>T�
�B+SU�V�
��B+S G (4)

whereQ ����B+S is theisotropicelasticstiffnesstensor. Denotingthehardeningmodulusby W , anddefininggradienttensorsX ��� , Y � , and Z , asin [3], theconstitutive relationfor thegeneralizedeffective stresscanbeexpressedas
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andtheconstitutiveequationfor theconvectedderivative of thehigherorderKirchhoff stressas
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NUMERICAL RESULTS AND DISCUSSION

Thefinite straingradientplasticitymodelhasbeenincorporatedin anupdatedLagrangianfinite elementprogram,using
8-nodedisoparametricelements.Due to the higherordernatureof the theory, the discretizedequationsarebasedon
plasticstraindegreesof freedomonequalfootingwith displacementdegreesof freedom.
Figure1 showsoverall resultsfor asimplecubicdistributionof cylindrical voidsunderplanestraindeformation.Figure1a
shows thenominalstress,��_ , asa functionof thelinearstrain, 
�S , while Figure1bshows theratioof currentvoid volume
to initial void volume, !�`a! O . Eachfamily of curvescorrespondsto acertainratioof void radiusto half thevoid distance,b�cd c , with varyingvaluesof theinternalmateriallengthparameteregf . Thesolid curve shows resultsfor a materialwithout

voids,thedashedcurvesshow resultsfor amaterialwith
b�cd c #ih8j @Tk , andthedottedcurvesshow resultsfor amaterialwithb�cd c #ih8j k . Themarkingsonthecurvesin Figure1ashow themaximumloadpoint. Thefigureillustrateshow thestrength

decreaseswith increasingvoid volumefraction,but moreinterestinglyit showshow thestrengthincreaseswith increasing
materiallengthparameter. From Figure1b it is seenhow the increasein strengthwith themateriallengthparameteris
linkedto thesuppressionof void growth, which is dueto thegradienthardening.
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Figure 1. The figuresshow overall resultsfor materialswith differentsizevoids anddifferent internalmateriallengthparameters.
Figure(a) shows thenominalstressasa functionof theoverall linearstrain,andfigure(b) shows thevoid volumenormalizedwith the
initial void volumeasa functionof theoverall linearstrain.

Thus the work shows how a straingradientplasticity theorycanbe usedto model the fact that small voids grow less
thanlarger voids. Due to the lack of lengthparametersin conventionaltheoriesthey cannotcapturesuchsize-effects.
It is illustratedhow gradienthardeningincreasesthe strengthof an elastic-plasticmaterialwith voids andsuppresses
void growth whencomparedto conventionalpredictions.The resultsin Figure1 arebasedon planestrainanalyzesof
cylindrical voids,but thework alsoincludesaxisymmetricanalyzesfor thegrowth of initially sphericalvoids in elastic-
plasticsolids.Theresultsalsohighlight theeffectof triaxial loadingwhichhasasignificanteffectonvoid growth.
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