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Summary BacteriasuchasEscherichia coil userotatingflagellato swim. Eachflagellumconsistsof a rotarymotor, aflexible coupler
known asthehook,andahelicalfilament.Thefilamentundergoesmechanicalphasetransitions(e.g. from left-handedto right-handed)
whensubjectto externaltorque.Incorporatingthebasicpropertiesof theconstituentproteinsubunits,wedevelopanew effectivetheory
for theflagellarfilamentsandcomputethephasediagramof groundstates.

INTRODUCTION

Escherichia coli andSalmonella typhimurium havehelicalpropellerscalledflagella.Eachcell hasseveralflagella,driven
by rotarymotorsembeddedat randompointsin thecell wall. A flagellumhasthreeparts:a helicalfilamenttenmicrons
long andfifteennanometersin diameter, a rotarymotorwhich turnsat 100Hz, anda flexible “hook" joining thefilament
to themotor. In theabsenceof externalforces,thewild-type filamentsareleft-handed.Whenthemotorsturn counter-
clockwise(asviewed from outsidethe cell), the hydrodynamicforcescausethe left-handedhelicesto bendandwrap
aroundeachother, forming a bundlewhich pushesthecell along. This kind of motion is calleda run. In theabsenceof
chemicalgradients,thebacteriaareobservedto executea seriesof runs,interspersedwith irregularmotionswith little or
no translationalmotionknown astumbles.Thedirectionof thenew run aftera tumbleis uncorrelatedwith thedirection
of thepreviousrun;hencethebacteriumtracesout thepathof a randomwalk. In thepresenceof agradientof adesirable
chemicalsuchassugar, thebacteriummeasuresthelocalconcentrationanddecreasesits probabilityof tumblingfor those
runswhichhappento leadto highersugarconcentrations.Thus,thebacteriumexecutesadirectedrandomwalk,anddrifts
up thesugargradient.Thisbehavior is bacterialchemotaxis[1].
Themechanicsof theflagellarfilamentsplaysa crucial role in chemotaxis.The tumblesarisewhenthemotorsreverse
directionfrom counterclockwiseto clockwise. Only a subsetof thefilamentsneedto reverserotationdirectionto cause
a tumble. First, the filamentsunwind from the bundle. Then the left-handed,clockwise-rotatingfilamentsundergo a
transformationto a right-handedstateof the samehelical radiusbut half the pitch. This transformationchangesthe
swimmingdirection.While thefilamentis still turningclockwise,thereis anothertransformationto a right-handedstate
with half the helical radiusasthe left-handedstate. At this point the bacteriumhasslowed from its typical run speed.
Finally, whenthemotorsreverse,thehelix revertsto theleft-handedstateandthecell speedsupto its typicalrunspeed[2].
The changesin helical handednessin the courseof chemotaxis,known aspolymorphism,aredriven by hydrodynamic
forces. Polymorphismcanalsoarisefrom mutationsin the aminoacid sequenceof the proteinmakingup the flagellar
filament,andchangesin ionic strengthor pH. In this paperwe reporton a new theoryfor thepolymorphismof bacterial
flagella. Our theoryis aneffective, coarse-grainedtheorybasedon thepropertiesof theproteinsubunitsof thefilament.
Wepredictthephasediagramof groundstates(statessubjectto zeroexternalstress).

FILAMENT STRUCTURE

Theflagellarfilamentis madeof asinglekind of proteinsubunit, known asflagellin. Theflagellinsubunitsareorganized
in elevenprotofilamentswhich arealmostlongitudinalbut gentlywind aroundthesurfaceof thefilament.Therearetwo
mutantfilamentswhich arestraight,one in which the protofilamentshave a gentleleft-handedwinding, andthe other
in which the winding is right-handed.X-ray experimentshave shown that the spacingbetweenthe subunits alongthe
protofilamentdirectionin the left-handedstateis 5.27nm, while thecorrespondingspacingfor theright-handedstateis
5.19nm[3]. Thehelicalstatesarebelievedto betheresultof someof theprotofilamentsbeingin thelongstate,andsome
in theshortstate.Imagineabimetallicstripconsistingof two rodsgluedtogetherwith differentcoefficientsof expansivity;
heatingthestrip causesit to bend. If thestrip is first twistedandthenheated,it will form a helicalshape.Theshapeof
theflagellarfilamentsis thoughtto arisein ananalogousway, with theshortprotofilamentson the insideof thehelical
filament,andthelongoneson theoutside.

PREVIOUS APPROACH

Calladinewasthefirst to make a quantitative theoryfor polymorphism[4]. He modelledanelementof thefilamentby
two initially parallelrigid circularplatesconnectedaroundtheircircumferenceby elevenlinearsprings.Hesupposedthat
someof the springsareshort,andsomearelong, andfurtherassumedthat the platesareconnectedwith a twist which
increasesin regular intervalsasthenumberof shortspringsincreases.By usingforceandmomentbalanceto calculate



therelativetilt betweentheplates,hededucedthatthereweretwelvepossiblestates.Two of thestates(all shortspringsor
all long springs)correspondto theright- andleft-handedstraightmutants.Theotherstatesarehelical,someleft-handed,
andsomeright-handed.Calladine’s theorygivesasimplegeometricalexplanationfor thepossiblegroundstatesstatesof
theflagella. However, anextendedor new theoryis requiredto justify theassumptionrelatingthetwist to thenumberof
shortsprings,to addresshow identicalproteinsubunitscansometimesbemodelledasshortspringsandsometimesaslong
springs,andto calculatewhenthefilamentwill changehandednessasa functionof appliedforces.

EFFECTIVE THEORY BASED ON FRUSTRATED BISTABLE SPRINGS

Our theoryfor polymorphismbuilds on thebasicstructureof Calladine’s theory, but addsseveralessentialnew features.
The elementsstill consistof rigid disksconnectedby eleven springs,but now the springsareidentical,andeachhasa
double-wellpotentialfor extension.Thesebistablespringsrepresentthesubunitsandtheir bondsalongthedirectionsof
theprotofilaments.But therearealsobondsbetweensubunitsonneighboringprotofilaments.Wemodelthesebondsby a
singlespringconnectingthecentersof thetwo disksof theelement.We introducethefeatureof frustrationby supposing
thatthelengthof thecentralspringin theabsenceof externalforceneednotbethesameaseitherof thetwo stablelengths
of oneof thebistablesprings.Oneway to partially relieve thefrustrationis for theplatesto spontaneouslytilt relative to
eachother. If successiveplatesin thefilamentareattachedwith fixedtwist, thenthegroundstatewill beahelix.
To calculatewhenahelix will form, weminimizetheelasticenergy. Theenergy consistsof thesumof theelevendouble-
well potentialsfor thebistablespringsandthepotentialfor thecentralspring.Sincetwist resistanceof thefilamentarises
mostlyfrom theresistanceto stretchingof thebondsbetweenneighboringprotofilaments(andnot thealmostlongitudinal
bondsalongtheprotofilaments),wesupposethecentralspringalsohasatorsionalresistance.Finally, to allow achangein
handednessof theprotofilamentwrappingfrom right to left uponextensionof thefilament,wefurthersupposethecentral
springhasa twist-stretchcoupling.Thus,thepotentialof thecentralspringis like thatof a truehelicalspring.

RESULTS AND CONCLUSIONS

To simplify thecalculation,we choosea symmetricdouble-wellpotential.Althoughwe expectthetruepotentialwill be
asymmetric,thesimplifiedpotentialwill illustratethequalitative features.Sincetheenergy is nonlinear, therearemore
unknown parametersthanin Calladine’s linearmodel. Choosingparticularfixedvaluesfor thenonlinearpotentialof the
bistablesprings,weminimizetheenergy asafunctionof theparametersof thecentralspringto find thephasediagramfor
helicalandstraightstates.We find helicalstateswhentherestlengthof thehelicalspringis closeto theunstablelength
(thelengthcorrespondingthethemaximumof thedouble-wellpotential)of a bistablespring. Otherwise,thefilamentis
straight.Thegreatestcontrastwith Calladine’s theoryis thatthenonlineartheorypredictsa continuousfamily of ground
states,ratherthenonly twelvediscretestates.
To conclude,our theorygivesacompletelyself-containedandconsistentmodelfor theflagellarfilaments,andshowshow
identicalproteinsubunitscanarrangeto form a helical(insteadof cylindrical) structurein theabsenceof externalforces.
Furthermore,it providesaframework for calculatingtheresponseof thefilamentto externalforcesandtorques,suchasthe
critical clockwiserotationspeedfor thepolymorphictransformationfrom left-handedto right-handed.Theseexperiments
arecurrentlyunderway in severalgroups,andwill becrucialfor evaluatingthecorrectnessof our theory.
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