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Summary BacteriasuchasEscherichia coil userotatingflagellato swim. Eachflagellumconsistof arotarymotor, aflexible coupler
known asthehook,andahelicalfilament. Thefilamentundegoesmechanicaphaseransitionge.g. from left-handedo right-handed)
whensubjectto externaltorque.Incorporatinghebasicpropertief theconstituenproteinsutunits,we developanew effectivetheory
for theflagellarfilamentsandcomputethe phasediagramof groundstates.

INTRODUCTION

Escherichia coli andSalmonella typhimurium have helicalpropellerscalledflagella. Eachcell hasseveralflagella,driven
by rotary motorsembeddedt randompointsin the cell wall. A flagellumhasthreeparts: a helical filamentten microns
long andfifteennanometeri diameteyra rotary motorwhich turnsat 100Hz, anda flexible “hook" joining the filament
to themotor. In the absencef externalforces,the wild-type filamentsare left-handed.Whenthe motorsturn counter
clockwise (asviewed from outsidethe cell), the hydrodynamicforcescausethe left-handedhelicesto bendandwrap
aroundeachother forming a bundlewhich pusheghe cell along. This kind of motionis calledarun. In the absencef
chemicalgradientsthe bacteriaareobseredto executea seriesof runs,interspersedvith irregular motionswith little or
no translationamotionknown astumbles. Thedirectionof the new run afteratumbleis uncorrelatedwith the direction
of the previousrun; hencethebacteriumtracesout the pathof arandomwalk. In the presencef agradientof adesirable
chemicalsuchassugar, thebacteriummeasureshelocal concentratioranddecreasess probability of tumblingfor those
runswhich happerto leadto highersugar concentrationsThus,the bacteriumexecutesadirectedrandomwalk, anddrifts
up the sugar gradient.This behaior is bacterialchemotaxig1].

The mechanicof the flagellarfilamentsplaysa crucial role in chemotaxis.The tumblesarisewhenthe motorsreverse
directionfrom counterclockwiséo clockwise. Only a subsebf the filamentsneedto reverserotationdirectionto cause
atumble. First, the filamentsunwind from the bundle. Thenthe left-handed clockwise-rotatingfilamentsundego a
transformationto a right-handedstateof the samehelical radiusbut half the pitch. This transformationchangeshe
swimmingdirection. While the filamentis still turning clockwise thereis anothertransformatiorto a right-handedstate
with half the helical radiusasthe left-handedstate. At this point the bacteriumhasslowved from its typical run speed.
Finally, whenthemotorsreverse thehelix revertsto theleft-handedstateandthecell speedsipto its typical run speed2].
The changesn helical handedness the courseof chemotaxisknown as polymorphism,aredriven by hydrodynamic
forces. Polymorphismcanalsoarisefrom mutationsin the aminoacid sequencef the proteinmakingup the flagellar
filament,andchangesn ionic strengthor pH. In this paperwe reporton a new theoryfor the polymorphismof bacterial
flagella. Ourtheoryis an effective, coarse-grainetheorybasedon the propertiesof the proteinsulunits of the filament.
We predictthe phasediagramof groundstateqstatessubjectto zeroexternalstress).

FILAMENT STRUCTURE

Theflagellarfilamentis madeof a singlekind of proteinsulunit, known asflagellin. Theflagellin suhunitsareorganized
in elevenprotofilamentsvhich arealmostlongitudinalbut gentlywind aroundthe surfaceof the filament. Therearetwo

mutantfilamentswhich are straight,onein which the protofilamentshave a gentleleft-handedwinding, andthe other
in which the winding is right-handed. X-ray experimentshave shavn that the spacingbetweenthe suhunits alongthe
protofilamentdirectionin the left-handedstateis 5.27 nm, while the correspondingpacingfor the right-handedstateis
5.19nm[3]. Thehelicalstatesarebelievedto betheresultof someof the protofilamentdeingin thelong stateandsome
in theshortstate.Imagineabimetallicstrip consistingof two rodsgluedtogethemith differentcoeficientsof expansvity;

heatingthe strip causest to bend. If the strip is first twistedandthenheatedjt will form a helical shape.The shapeof
the flagellarfilamentsis thoughtto arisein an analogousvay, with the shortprotofilamentson the inside of the helical
filament,andthelong oneson the outside.

PREVIOUSAPPROACH

Calladinewasthefirst to make a quantitatve theoryfor polymorphism[4]. He modelledan elementof the filamentby
two initially parallelrigid circularplatesconnectediroundtheir circumferencdoy elevenlinearsprings.He supposedhat
someof the springsare short,andsomearelong, andfurther assumedhatthe platesare connectedvith a twist which
increasesn regularintenals asthe numberof shortspringsincreasesBy usingforce andmomentbalanceto calculate



therelativetilt betweertheplates hededucedhatthereweretwelve possiblestates.Two of the stateqall shortspringsor
all long springs)correspondo theright- andleft-handedstraightmutants.The otherstatesarehelical, someleft-handed,
andsomeright-handed Calladines theorygivesa simplegeometricakxplanationfor the possiblegroundstatesstate sof
theflagella. However, anextendedor new theoryis requiredto justify the assumptionmelatingthe twist to the numberof
shortspringsto addres$ow identicalproteinsubunitscansometimedemodelledasshortspringsandsometimesslong
springs,andto calculatewhenthefilamentwill changehandednesasa functionof appliedforces.

EFFECTIVE THEORY BASED ON FRUSTRATED BISTABLE SPRINGS

Ourtheoryfor polymorphismbuilds on the basicstructureof Calladines theory but addsseveral essentiahew features.
The elementsstill consistof rigid disks connectedy eleven springs,but now the springsare identical,andeachhasa

double-wellpotentialfor extension. Thesebistablespringsrepresenthe sulunits andtheir bondsalongthe directionsof

the protofilamentsBut therearealsobondsbetweersulunits on neighboringprotofilaments We modelthesebondsby a

singlespringconnectinghe centersof thetwo disksof the element.We introducethe featureof frustrationby supposing
thatthelengthof the centralspringin theabsencef externalforceneednotbethe sameaseitherof thetwo stablelengths
of oneof the bistablesprings.Oneway to partially relieve thefrustrationis for the platesto spontaneousliilt relative to

eachother If successie platesin thefilamentareattachedvith fixedtwist, thenthe groundstatewill bea helix.

To calculatewhenahelix will form, we minimizetheelasticenegy. Theenegy consistof thesumof theelevendouble-
well potentialsfor the bistablespringsandthe potentialfor the centralspring. Sincetwist resistancef thefilamentarises
mostlyfrom theresistanceo stretchingof the bondsbetweemeighboringprotofilamentgandnot thealmostlongitudinal
bondsalongtheprotofilaments)we suppose¢hecentralspringalsohasatorsionalresistanceFinally, to allow achangen

handednessf the protofilamentwrappingfrom right to left uponextensionof thefilament,we furthersupposehecentral
springhasa twist-stretchcoupling. Thus,the potentialof the centralspringis lik e thatof atrue helical spring.

RESULTSAND CONCLUSIONS

To simplify the calculation,we choosea symmetricdouble-wellpotential. Although we expectthe true potentialwill be
asymmetricthe simplified potentialwill illustratethe qualitative features.Sincethe enegy is nonlineay therearemore
unknovn parametershanin Calladines linearmodel. Choosingparticularfixed valuesfor the nonlinearpotentialof the
bistablespringswe minimizetheenegy asafunctionof the parametersf thecentralspringto find the phasediagramfor
helicalandstraightstates.We find helical statesvhenthe restlengthof the helical springis closeto the unstabldength
(the lengthcorrespondinghe the maximumof the double-wellpotential)of a bistablespring. Otherwise thefilamentis
straight. The greatestontrastwith Calladinestheoryis thatthe nonlineartheorypredictsa continuousamily of ground
statesratherthenonly twelve discretestates.

To concludepurtheorygivesa completelyself-containec&ndconsistenmodelfor theflagellarfilaments andshovs how
identicalproteinsulunits canarrangeto form a helical (insteadof cylindrical) structurein the absencef externalforces.
Furthermoreit providesaframework for calculatingheresponsef thefilamentto externalforcesandtorquessuchasthe
critical clockwiserotationspeedor the polymorphictransformatiorirom left-handedo right-handed Thesesxperiments
arecurrentlyundervay in severalgroups,andwill becrucialfor evaluatingthe correctnessf our theory
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