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LOCOMOTION OF A VISCOUS DROP, INDUCED BY THE INTERNAL SECRETION:
BOUNDARY EFFECTS
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Summary A theoreticalmodel for the locomotionof the drop inducedby the internal secretionof a surfactantis presented.The
effect of nearbysolid walls or non-deformableliquid-liquid interfaceson the motionhasbeenstudied.Casesof planeandspherical
boundaries.Thedependenceof thedropmigrationvelocity on the locationof thesourceandon theseparationdistancebetweenthe
dropandtheouterboundaryaswell ason thephysicalparametersof thesystemis reported.Thedynamicsof thedropis studiedin the
casesof a fixedlocationof thesourceinsidethedrop,andin thecasewhenit passively moveswith theinternalcirculation.

INTRODUCTION

Many modernindustrialapplicationsinvolvedropsmotionin liquid matrixaccompaniedby heator masstransferbetween
the phases.Theseinclude, e.g. direct heatexchangeor liquid-liquid extraction. Exchangeof active specieswith an
ambientmediais oneof themostcharacteristicfeaturesof living biologicalbodiesaswell. Mostof thetheoreticalstudies
of suchprocesseswerebasedso far on the assumptionof a uniform concentration/temperatureinside the drops. This
assumptiondoesnot hold in the casewhena dissolved substanceis secretedfrom someinternalsourcewithin a drop,
e.g. an encapsulatedsmallerdrop in the courseof technologicalprocessesinvolving compounddropsor from certain
organellesin a living cell. For anoff-centerlocationof the internalsource,the diffusive masstransferresultsin a non-
uniformdistributionof surfactantalongtheoutersurfacethat,in turn, resultsin interfacialstressvariationthatultimately
inducea surfacemotionandthelocomotionof thedrop.
We presentherea theoreticalstudyof the motion of a drop dueto the internalsecretionof a surface-active substance.
In our model we considera viscousdrop that containsanothersmallerdroplet or a point sourceof a surface-active
substance.The systemis embeddedin an immiscibleviscousfluid that is eitherunboundedor confinedby planeor or
within sphericalboundaries.A brief descriptionandpreliminaryresultsfor themotionof a complex dropin unbounded
mediacanbe found in Nir & Lavrenteva (2003). In the presentwork we reporta detailedstudyof the locomotionof
dropsfor a varietyof physicalparameters.We considerthemotionin anunboundedliquid aswell asmorerelevantcases
whentheflow domainsareconfinedby boundariesof variousphysicalnature.Thecasesof solid-liquid andliquid-liquid
boundarieswith variousboundaryconditionsfor the concentrationarestudied. The dependenceof the drop migration
velocity on the locationof the sourceandon the separationdistancebetweenthe drop andthe outerboundaryaswell
ason the physicalparametersis reported.The focusof the studyis on the caseof a locomotioninducedsolely by the
Marangonieffect. For completeness,thecombinedactionof buoyancy andMarangonieffect is alsoconsidered.

PROBLEM DEFINITION AND METHOD OF SOLUTION

Considera sphericaldrop containinga sourceof a solubleweak surfactant,which is submerged into an immiscible
viscousfluid. The outer fluid is either unboundedor confinedby a flat or sphericalboundary. Threedifferent types
of outerboundaryareconsidered:solid wall, free surfaceandliquid-liquid interface,aswell as two differenttypesof
boundaryconditionsfor theconcentrationattheseboundaries:zeromassflux or givenuniformconcentration.All physical
propertiesof the fluids areassumedto be constantexceptfor the interfacial tensions,which areassumedto dependon
the surfaceconcentration.At the outset,we introducedimensionlessvariablesbasedon the sizeof the largerdrop and
the physicalpropertiesof the ambientfluid. The systemis governedby the following setof dimensionlessparameters:
Reynoldsnumber, Pecletnumber, two capillarynumbers,the Bondnumber, the ratiosof physicalcharacteristicsof the
phases(viscosity, diffusivity), andthegeometryof thesystem.Whenthedropmovesundertheactionof gravity force,
numberscharacterizingtherelative influenceof gravity andMarangonieffectarealsoconsidered.
For simplicity, we considerthe caseswheninertia, convective transportanddeformationeffectscanbe neglected. i.e.
Reynolds,Pecletandthecapillarynumbersareassumedtobezero.Undertheseconditionsthequasi-steadyapproximation
is valid, i.e. the concentrationand velocity fields can be somewhat decoupledand found from stationaryequations
(Laplaceand Stokes, respectively). The problemsremaincoupledonly throughthe dependenceof interfacial stress
conditionson thevariationof surfactantconcentrationat thesurface.
Thevelocity andpressurefieldsin eachphasesatisfythequasi-stationaryStokesequationswith thefollowing boundary
conditions:Thefluid is at restat infinity. No-slip conditionsareimposedon solid walls. Thevelocity field is continuous
acrossdropsinterface,while thedropsdonotdeform.Thedifferenceof tangentialstressesat theinterfacesis balancedby
thegradientof thesurfacetension.Theproblemdefinitionis complementedby thebalanceof theforcesactingoneachof
thedropsfrom which thedynamicsis extracted,andby theequationsfor temporalevolution of thepositionsof thedrop
andtheinternalsource.Thelattermaybeeitherfixedwithin thedropor passively migratewith theinternalcirculation.
The above problemis solved for axisymmetricconfigurationsusingconformalmappingtechniques.In this procedure
we first calculatetheconcentrationdistribution andtheStokesstreamfunctionfrom which theforceon thedropcanbe
obtainedasa sumof Marangoniforce,Stokesdrug andbuoyancy. Balancingtheseforcesprovidesan equationon the



drop’� smigrationvelocity thatis usedto advancethegeometryof thesystem.

RESULTS OF CALCULATIONS AND CONCLUSIONS

Thedependenceof thedropmigrationvelocity on the locationof thesourceandon theseparationdistancebetweenthe
dropandtheouterboundaryaswell ason thephysicalparametersof thesystemis reported.Thevariousflow patternsare
describedThedynamicsof thedrop is studiedfor thecasesof thefixedlocationof thesourceinsidethedropandin the
case,whenit passively moveswith theinternalcirculation.
For the caseof a motion in an unboundedfluid, the internalsourcewasmodeledasa smallerdropletwith a uniform
concentrationof a surfactant.Our computationsrevealedthat the internalsecretionfrom the innerdropletinducesloco-
motionof thecompoundviscousdropandthat theflow generatedby theinterfaceof thelargedropcausesthemigration
of the internaldropletin the samedirection. In generalit wasfound that the velocity of the inner dropletexceedsthat
of the largedrop. With thepassageof time, the dropletapproachesthe interfaceof the drop andtheeccentricityof the
systemis increased.Whenthedistancebetweenthecentersincreases,therelative velocity first grows,but asthedroplet
approachesto theinterface,its relative motionis retardedby thestrongviscousresistance.At thelimiting configuration
of the touchingdropletsthe aggregatewill move with a constantvelocity. Whenthe dimensionof the inner droplet is
muchlessthanthatof thelargeone,it is naturalto modelit by a point masssourcewith a givenstrength.This modelis
adoptedfor thecomputationof thedropslocomotionis confineddomains.
Thecombinedeffectof thebuoyancy andspontaneousMarangonimotionis studiedaswell. It is shown thatarich variety
of interactionpatternsmayoccur, which exhibits separationof flow in theouterfluid andwithin thelargedrop. In some
particularcasesbothdropsremainsuspendedmotionlessin thelaboratoryreferenceframewith thefluid circulatingin a
steadymanner. A pair of dropsmayhaveseveralequilibriumpositions,with oneor two of thembeingstable.
Thepresenceof nearbyboundariesnormallyincreasethehydrodynamicresistanceand,thus,fluid flow neartheboundary
haslower velocity ascomparedto thosein unboundedmediumfor thesameexternalforcing. On theotherhand,for the
surfaceinducedflow, anearbyboundaryaffectstheconcentrationat thedropssurfaceandhencetheMarangoniflow. Our
calculationsrevealedthattheboundarywith constantconcentrationhasa repulsiveeffect on thedrop,while aninsulated
boundarytendsto attractadrop.For a largeseparationdistance,themotionof thedropis similar to thatin anunbounded
fluid, while for smallerseparationsit is considerablyretardedand,in somecases,canbeevenreverted.
Theeffect of liquid-liquid andliquid-gasinterfaceon thehydrodynamicresistanceof a nearbyparticleis muchweaker
thanthatof thesolid wall. On theotherhand,a Marangoniflow is inducedon suchaninterfaceaswell ason thesurface
of the drop itself. This effect is shown to be quitestrongbeingableto changethe flow patternandthe directionof the
dropsmigration.
Thedynamicsof thedropis calculatedfor afixedlocationof thecourseinsidethedropaswell aswhenit passively moves
with theinternalcirculationfor all thetypesof externalboundariesmentionedabove.
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