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Summary Analytical solutions for laminar, horizontal, two-fluid jets and wakes are found in the boundary-layer
approximation, using a nonstandard similarity solution ansatz to account for interface deflection in the presence
of gravity. Planar and axisymmetric fan jets as well as classical and momentumless planar wakes are consid-
ered. All interfaces deflect from horizontal except the fan jet, and velocity profiles can be strongly asymmetrical.

The streamfunction formulation of the boundary layer equations for planar (j = 0) and radial (j = 1) laminar
motion of fluid (i = 1) residing above fluid (i = 2) given by
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form the basis for analyzing two-fluid jets and wakes along with (i) far-field conditions of quiescent or uniform
flow, (ii) interfacial kinematic, normal and tangential stress conditions, and (iii) an appropriate integral con-
straint. The fluid densities and viscosities are p; and v; and p; = p;v;. Example applications are the two-fluid
planar and axisymmetric jets formed by spreading water over the free surface of a slightly stratified liquid reser-
voir exposed to quiescent air; see the experiments of Didden and Maxworthy [1]. In each problem, the position
of the interface is determined from the normal stress condition at the interface by assuming a non-standard
similarity solution of the form
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for appropriate constants A and B with exponents a and 8 to be determined for each problem considered below.
PLANAR AND RADIAL FAN JETS

Planar and radial two-fluid jets must satisfy the integral constraint
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where J is the total momentum flux in the two-flud system, y = ¢(z) is the position of the two-fluid interface,
and u; =~/ (3)y. Solution of the jet problems yield streamwise sech?-velocity profiles, asymmetric about the
interface, and governed by the parameter x = piu1/p2p2, isthe same as that found by Lock [2] for spatially-
driven free shear flow. The normal stress condition reveals that the interface is flat for the fan jet (j = 1), but
for the planar jet it is deflected according to
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where p = p1/p2 and g = p1/pa. Thus the interface deflects either upward for u > 1 or downward for 4 < 1. The
velocity profiles are symmetrically disposed about the interface only when xy = 1. This shows that symmetric
jets are possible for different fluids that possess a special relation among densities and viscosities. Sample
velocity profiles for a planar jet are given in Figure 1.

The momentum flux in each fluid layer is partitioned according to J; = x*/2J/(1+x'/?) and Jo = J/(1+x'/?),
yielding the momentum flux ratio J1/J> = x!/2. The jets penetrate differently into each fluid layer and their
thickness grows according to &;(z) ~ x(2+3)/3,

CLASSICAL AND MOMENTUMLESS PLANAR WAKES

The same similarity ansatz (2) can be applied to the linearized formulation for the planar far-wake following
Goldstein [3] for the classical wake formed by two-fluid flow over a stationary plate at the interface, and following
Birkhoff and Zarantonello [4] for a momentumless wake over a self-propelled plate moving along the interface.
The integral constraints for the classical and momentumless wakes are

() 00 #(z) o0
D=U (/ paws dy + /( pr dy) ; K=U (/ y>pawady + /( )y2p1w1dy> : (5)
— 00 o(x —00 x



y - ¢(x) (cm)
Y- 6(x) (cm)
y-¢(x) (cm)

0.0 0.‘2 0.‘4 0.‘6 018 1‘.0

0.0 0.‘2 0.‘4 0.‘6 0.‘8 1‘.0 0.0 0.2 0.4

u(x,y)u(x,9(x)) u(x,y)u(x,4(x))

0.6 0.8 1.0

u(x,y)u(x,6(x))
(a) (b) (c)

Figure 1: Normalized planar jet velocity profiles for (a) air-over-water, (b) air-over-oil and (c)
water-over-water computed for jet momentum J = 1000 g/sec? at downstream position z = 100 cm.

In both cases U is the uniform speed of the two-fluid flow and w;(z,y) = U —wu;(z, y) is the deficit wake velocity.

For the classical wake D is the total plate friction drag, and for the momentumless wake K is the second moment
of wake deficit momentum. The respective interface deflections are
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where x is as defined for the two-fluid jets, and the new parameter governing the momentumless wake flow is
Q = p1u3/paps;. Note that the interface is always deflected upwards for the classical wake; for the momentum-
less wake the interface deflection is upward for g > 1 and downward for g < 1, just as for the two-fluid jet.

For the classical wake, the momentum deficit fluxes are partitioned according to J; = x'/2D /(1 + x'/?) and
Jo = D/(1+ x'/?). Thus the deficit momentum flux ratio .J;/Jo = x'/? is identical to that for two-fluid jets.

The classical and momentumless wakes penetrate differently into their respective fluid layers, and in both cases
their thicknesses grow according to 6(z) ~ z'/2.

Sample normalized momentumless wake velocity deficit profiles are given in Figure 2 below.
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Figure 2: Normalized momentumless wake velocity deficit profiles for (a) air-over-water, (b) air-over-oil and
(c) water-over-water computed for jet momentum U = 100 c¢m/sec® at downstream position z = 100 cm.
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