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DISCONTINUOUS SOLUTIONS OF THE BOUNDARY-LAYER EQUATIONS

Anatoly I. Ruban
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Summary In this presentationtwo examplesof discontinuoussolutionsof theboundary-layerequationswill bediscussed.The �rst
onerepresentsan unsteadyanalogueof the well known two-dimensionallaminar jet. We shall assumethat the jet emergesfrom a
narrow slit whichwasinitially closed.Thesecondexampleconcernsthehypersonicboundary-layer�o w onadeltawing in theregime
of strongviscous-inviscid interaction.

It is alreadyonehundredyearssincethe time whenPrandtl(1904)formulatedthe boundary-layerequations.Starting
with his work it wasalwaysassumedthat,dueto theviscousnatureof theboundarylayers,the solutionof thePrandtl
equationsshouldbe soughtin the classof continuousfunctions. Meanwhile,it canbe easilyseenthat thereareclear
mathematicalreasonsfor discontinuoussolutionsto exist. Moreover, discontinuoussolutionsnot only form naturally
in unsteadyand/orthree-dimensional�o ws, but undercertainconditionsrepresentthe only possiblesolutionsof the
boundary-layerequations.In this paperwe will give two examplesof such�o ws.
The�rst onerepresentsanunsteadyanalogueof thelaminarjet studiedby Schlichtingasearlyasin 1933.In Schlichting's
steady�o w formulationthejet emergesfrom anarrow slit, asshown in Figure1, andmixeswith otherwisestagnant�uid
to theright of thebarrierOO0. As a resultof theactionof viscousstressesthe �uid in the jet graduallylosesits speed.
Still thejet provesto beableto penetratethroughthesurrounding�uid over anin�nite distance,with thevelocity in the
jet decayinggraduallyasx ! 1 . If the slit width is small, thenthe solutionof the boundary-layerequationsmay be
expressedin a simpleanalyticalform
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HereconstantC characterisesthestrengthof thejet; (x; y) areCartesiancoordinateswith x measuredalongthejet axis
and y in the normal direction; u, v are the velocity componentsin thesecoordinatesand � = y=x2=3 the similarity
variable.

PSfragreplacements

x

y

O

O0

Figure1. Problemlayout
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Figure2. Velocityalongthejet axisat t = 4; 6; 8; 10 and12.

In our calculationswe useunsteadyboundary-layerequations. With t denotingtime, the momentumand continuity
equationsarewrittenas
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Themomentumequationisparabolic.It, apparently, doesnotallow for discontinuitiesin they-directionto exist. However,
the�rst two termson theleft handside,
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representa quasi-linearhyperbolicoperatorand,by analogywith one-dimensionalgasdynamics,onecanexpect“shock
waves”to form in the(t; x)-plane.For theseto becapturedaconservativeschemehasto beusedto calculateequations(2).
Thecalculationswereperformedassumingthat initially the �uid to theright of OO0 waskeptat rest. At t = 0 theslit
opens,anda jet startsto form. To illustratetheresultsof thecalculationsweshow in Figure2 thedistributionof the�uid
velocityalongthejet axis.The� vecurvescorrespondto increasingtime t = 4; 6; 8; 10and12. It is easilyseenthatthe



jet hasa well establishedfront whichpropagateswith �nite speedin thex direction.Beforethefront the�uid remainsat
rest.Acrossthefront the�uid velocity jumpsto thevaluegivenby the�rst of formulae(1).
Thethicknessof theshocksin gas�o ws is known to becomparablewith themolecularmeanfreepath� , which maybe
estimatedas� = O(Re� 1), whereRe is theReynoldsnumber. Thecontinuumdescriptionof �uid motionis notpossible
undertheseconditions. The “shocks” in boundarylayersaresigni�cantly thicker. They extendin the longitudinalx-
directionover a distance� x comparablewith theboundary-layerthicknessy = O(Re� 1=2). Thereforethecontinuum
descriptionis well suitedfor analysingtheir internalstructure,which is why we call thempseudo-shocks. Asymptotic
analysisof theNavier-Stokesequationsshows thatthe�o w within a pseudo-shockmaybetreatedasinviscid andquasi-
steadyprovidedthat it is consideredin thecoordinateframemoving with theshockfront. Thegoverningequationsmay
bewrittenas
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where is thestreamfunctionand! thevorticity.
The resultsof a numericalsolutionof equations(3) with appropriateboundaryconditionsarepresentedin Figure3 in
theform of thestreamlinepattern.It is displayedin thecoordinateframemoving with theshockfront. Onecanobserve
thatthereis a stagnationpoint in the�o w �eld. Applying theBernoulli equationto thetwo streamlinesthatlie alongthe
x-axisupstreamanddownstreamof thestagnationpoint respectively, it maybefoundthatthespeedof propagationof the
shockfront Vshock = 1

2 umax . Hereumax is themaximumvalueof thelongitudinalvelocity in thejet immediatelybehind
theshock.Figure4 reproducesa photographof a thermaljet madeby Shlien& Boxman(1981). Whencomparingthis
photographwith the calculatedstreamlinepatternit shouldbe taken into accountthat the photographwastaken in the
laboratoryframe.
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Figure3. Thestreamlinepattern.
Figure 4. Visualisationof the jet headby Shlien& Boxman
(1981).

In orderto demonstratethat thepseudo-shocksarenotuniquelyattributedto unsteadytwo-dimensionalboundarylayers,
we will alsopresentthe resultsof numericalanalysisof thehypersonic�o w pasta deltawing. Thecalculationsof this
�o w wereperformedunderan assumptionthat the hypersonicviscousinteractionparameter� � 1. In this casethe
boundarylayeron theentiresurfaceof thewing appearsto be in stronginteractionwith the inviscid partof the �o w. In
theseconditionsthe �o w is governedby steadythree-dimensionalboundary-layerequationswith self-inducedpressure.
We found that two pseudo-shocksareforming in the �o w whenthe sweepangleof the wing is approachinga critical
value. Contraryto earlierexpectations(see,for example,Kozlova & Mikhailov, 1970)theshockswerefoundto lie off
theplaneof symmetryof thewing.
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