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DISCONTINUOUS SOLUTIONS OF THE BOUNDARY-LAYER EQUATIONS
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Summary In this presentatioriwo examplesof discontinuoussolutionsof the boundary-layeequationswill be discussedThe rst
onerepresent&n unsteadyanalogueof the well knovn two-dimensionalaminarjet. We shall assumehat the jet emegesfrom a
narrov slit which wasinitially closed.Thesecondexampleconcernghehypersonidoundary-layero w onadeltawing in theregime
of strongviscous-iwiscid interaction.

It is alreadyone hundredyearssincethe time when Prandtl(1904) formulatedthe boundary-layeequations. Starting
with his work it wasalwaysassumedhat, dueto the viscousnatureof the boundarylayers,the solutionof the Prandtl
equationsshouldbe soughtin the classof continuousfunctions. Meanwhile,it canbe easily seenthat thereare clear
mathematicateasondor discontinuoussolutionsto exist. Moreover, discontinuoussolutionsnot only form naturally
in unsteadyand/orthree-dimensionalo ws, but undercertainconditionsrepresenthe only possiblesolutionsof the
boundary-layeequationsin this paperwe will give two examplesof such o ws.
The rst onerepresentanunsteadynaloguef thelaminarjet studiedby Schlichtingasearlyasin 1933.1n Schlichtings
steadyo w formulationthejet emegesfrom anarrow slit, asshovn in Figurel, andmixeswith otherwisestagnantuid
to the right of the barrierOO° As aresultof the actionof viscousstresseshe uid in the jet graduallylosesits speed.
Still thejet provesto be ableto penetratehroughthe surroundinguid overanin nite distancewith thevelocity in the
jet decayinggraduallyasx ! 1 . If the slit width is small, thenthe solutionof the boundary-layeequationsnay be
expressedn a simpleanalyticalform
1 Tac

ex £

u=x =) v=x 22 250 Yoop 0y Pag P 1)
3 1 exp 3

HereconstaniC characterisethe strengthof thejet; (x; y) areCartesiarcoordinatewith x measure@longthejet axis
andy in the normaldirection; u, v are the velocity componentsn thesecoordinatesand = y=x?=° the similarity
variable.
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Figure 1. Problemlayout Figure 2. Velocity alongthejet axisatt = 4; 6; 8; 10 and12.

In our calculationswe use unsteadyboundary-layerequations. With t denotingtime, the momentumand continuity
equationsaarewrittenas
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Themomentumequatioris parabolic.lt, apparentlydoesnotallow for discontinuitiesn they-directionto exist. However,
the rst two termsontheleft handside,
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represent quasi-lineahyperbolicoperatorand,by analogywith one-dimensionajasdynamics,onecanexpect“shock
waves”to formin the(t; x)-plane.For theseto becapturedhconserative scheménasto beusedo calculateequationg?2).
The calculationswere performedassuminghatinitially the uid to the right of OO° waskeptatrest. At t = 0 theslit
opensanda jet startsto form. To illustratethe resultsof the calculationsve shav in Figure2 the distribution of the uid
velocity alongthejet axis. The vecurvescorrespondo increasingimet = 4; 6; 8; 10and12. It is easilyseenthatthe
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jet hasawell establishedront which propagatesvith nite speedn thex direction.Beforethefrontthe uid remainsat
rest.Acrossthefront the uid velocity jumpsto thevaluegivenby the rst of formulae(1).
Thethicknessof the shocksin gas o wsis known to be comparablavith the molecularmeanfree path , which maybe
estimatecas = O(Re 1), whereRe s theReynoldsnumber Thecontinuumdescriptiorof uid motionis notpossible
undertheseconditions. The “shocks” in boundarylayersare signi cantly thicker. They extendin the longitudinal x-
directionover adistance x comparablevith the boundary-layethicknessy = O(Re 172). Thereforethe continuum
descriptionis well suitedfor analysingtheir internal structure which is why we call thempseudo-shda Asymptotic
analysisof the Navier-Stokesequationshawvs thatthe o w within a pseudo-shocknay be treatedasinviscid andquasi-
steadyprovidedthatit is consideredn the coordinateframemoving with the shockfront. The governingequationamay
bewritten as
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where isthestreamfunctionand! thevorticity.
The resultsof a numericalsolution of equationg3) with appropriateboundaryconditionsare presentedn Figure3 in
the form of the streamlinegpattern.lt is displayedin the coordinateframemoving with the shockfront. Onecanobsene
thatthereis a stagnatiorpointin the ow eld. Applying the Bernoulliequationto thetwo streamlineghatlie alongthe
x-axisupstreananddownstreanof the stagnatiorpointrespectiely, it maybefoundthatthe speedf propagatiorof the
shockfront Vshock = %umax. Hereumax is themaximumvalueof thelongitudinalvelocityin thejetimmediatelybehind
the shock. Figure4 reproduces photograplof a thermaljet madeby Shlien& Boxman(1981). Whencomparingthis

photographwith the calculatedstreamlinepatternit shouldbe takeninto accountthat the photographwastakenin the
laboratoryframe.
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Figure 4. Visualisationof the jet headby Shlien& Boxman
Figure 3. Thestreamlinepattern. (1981).

In orderto demonstratéhatthe pseudo-shockarenot uniquelyattributedto unsteadytwo-dimensionaboundanjayers,
we will alsopresenthe resultsof numericalanalysisof the hypersonico w pasta deltawing. The calculationsof this
o w were performedunderan assumptiorthat the hypersonicviscousinteractionparameter 1. In this casethe
boundarylayeron the entiresurfaceof the wing appeargo bein stronginteractionwith the inviscid partof the o w. In
theseconditionsthe o w is governedby steadythree-dimensionaboundary-layeequationswith self-inducedpressure.
We found that two pseudo-shockareforming in the o w whenthe sweepangleof the wing is approachinga critical
value. Contraryto earlierexpectationgsee,for example,Kozlova & Mikhailov, 1970)the shockswerefoundto lie off
the planeof symmetryof thewing.
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