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Summary An asymptotidnvestigationof turbulentboundarylayershaving a moderatelylarge velocity defectis presentedlt extends
the classicalsmall-defectheoryinsofar asthe defectis measuredy a secondperturbationparametebesideshe sufciently large
global Reynoldsnumber Most remarkablythe theoryis capableof describingnon-uniquenessf quasi-equilibriumo ws, a property
which hasbeendiscussedhtensvely in theliterature.

MOTIVATION AND PROBLEM FORMULATION

Nearequilibriumturbulentboundarylayersplay animportantrole in internal o w situations.In particular herediffuser
0 wsseneasatypicalengineeringapplication.ln sucha o w con gurationtheboundarylayerhasto sustaira preferably
large pressuraise, exertedby the externalirrotational bulk o w, whereasthe o w shall remainstrictly attached. In
orderto preventseparatiornit is advisableto controlthe pressurgradientsuchthatthe boundarylayer globally admitsa
self-preservingstate,or, equivalently, remainscloseto equilibrium. As a well-establisheaonditionnecessaryor self-
similarity, the streamwisevelocity componentat the boundarylayer edgemustvary asa power  of the streamwise
coordinate Moreover, it hasbeencommonlyarguedon a partially empiricalbasisthat , cf. [4].

On the otherhand,it is known from experimentsthat characterisea boundarylayer exhibiting identically
vanishingwall shear([3]). As a consequencehis suggestghat (at least)double-\aluedsolutionsare possibleasthe
associate@xponent measuringhe strengthof the pressuregradientmay fall below that critical value but is greater
than . Indeed,n thepastseveralstudiesndicatedthe non-uniquenessf turbulentnearequilibriumboundaryayers
(I31, [4]). An early hint is givenby Clauserin his pioneeringexperimentalwork [1]. Most notably an explicit clueis
foundin [5]: In thatstudytheimpacton diffuserdesignof boundarylayer o w thatwithstandsa pressurencreasenuch
largerthanoneprovoking separatiorwasinvestigatechumericallyusinganintegral method.

However, this striking featureof nearequilibrium o w hasnotbeeninvestigategofar by astrictrationalapproactbased
on rst principles.It is, amongothers the primary objective of our presentationo elucidatethis particular o w structure
by meansof an asymptoticanalysisof the Reynolds-areragedNavier—Stokes equationsin the limit of a large global
ReynoldsnumberRe To this end, rst the few basicassumptionsinderlyingthe “classical' theory of self-preserving
boundarylayersfor Re have to be summarisedbrie y .

ASYMPTOTIC THEORY OF SELF-SIMILAR BOUNDARY LAYERS

The “classical' limit

A rationalasymptotiadescriptionof high Reynoldsnumberwall-boundedurbulentshearo ws hasbeenformulated rst
in the early 1970ies seee.g.the seminalpaperof Mellor [2]. It canbe shavn thatthis self-consistentheoryeffectively
exploits well-known dimensionabrgumentsvhich determinehe scalingof theviscoussublayeradjacento thewall and
is basedon a two-layer structure. Inside the viscouswall layer the streamwisevelocity componenis of Re.
Matchingwith the resultsholdingin the fully turbulentmainlayeryieldsthe celebrateduniversallogarithmiclaw of the
wall. Moreover, it requiresthatthe velocity defectwith respecto theimposedexternalstreamwisevelocity — aswell
asthe boundarylayerthickness , non-dimensionalith a globallengthscale,areasymptoticallysmallandalsoof that
magnitude As aresult,the theorydoesnot cover separatingo ws which apparentlyexhibit a velocity defectof

It is demonstratedh [3] on basisof this classicalapproachthatequilibrium o ws arecharacterisethy a Rotta—Clauser
parametewhich variesonly slowly in streamwisalirection . Let denotethedistancenormalto thewall, it is givenby

with @
Furthermorepneinfers from the leading-ordeiintegral momentunbalancethat . Consequentlythe
classicatheoryceaseso bevalid as sinceit predictsanunboundedyrowth of boththe velocity defectand

the boundarylayer thickness. In presentiteraturethis failure is commonlyattributedto incipient separation([3]). In
contrastto this suggestiornit is shovn herethatthis failure canbe avoidedby a generalizedmall-defectheorywhich is
basedon a three-ratherthana two-layerstructure.While the velocity defectis still small,it is, however, asymptotically
largecomparedo the oneassumedh theclassicakase.

Distinguishedlimit Re

In the new theorythe doublelimit , Re considereds foundto implicatea wake-type o w in the outermost
layerwhichin factcloselyresembles separatingo w. Herethe defectis measuredby a secondsmallparametebesides
Rewhich, amongothers,characterisethe slendernessf the boundarylayer. In contrastto the classicalanalysis,



the new oneaccountdor weakly nonlineareffectsduethe inertiatermsin the equationsof motion. Introductionof the
couplingparameter Re leadsto a new distinguishedimit wherethestill nite wall shearentershe
o w descriptionin secondorder Therethe solutionis shovn to satisfya solvability conditionderived from theintegral
momentumbalance.Assumingstrict equilibriumup to secondorder, the resultingalgebraicrelationshipcan— without
adoptingary turbulenceclosure— be castinto canonicaform,

with 2
which clearly revealsa double-alued o w structure,seethe dasheccurve in gure 1 (a). Here ,and measurghe
velocity defectandthe smalldeviation of theexponent , characteristiof the external o w, from , respectiely.
From(2) thefundamentatonclusiorcanbedrawn thatfor highbut nite valuesof Retheeffectscausedy nonlinearities
indeedimply arestriction , Where Re

(@)

increasing

Figurel. (a) Defectmeasure (canonicakcaling),(b) defectpro les (classicakcaling)for differentvaluesof Re

Comparisonwith numerical resultsfor nite valuesof Re

In orderto supportthe asymptoticresultsa numericalstudy was performedby solving the nonlinearboundarylayer
equationsassumingstrict equilibriumin the fully turbulent o w regime. By introductionof a suitablyde ned stream

function andby applyinganappropriatesimilarity transformationthey become
3
Re ®3)
Here denoteghev. KarmanconstantTheboundaryconditionsfor re ect thebehaiour of the o win the

overlapregimebetweertheouterregion andtheviscouswall layer. To solve theresultingproblem(3), it is supplemented
with an (asymptoticallycorrect) algebraicclosurefor the Reynolds shearstress . Prescribinga (sufciently large)
Reynoldsnumber a properlychosen(sufciently small) linearincreaseof denotedby aswell asa minimumvalue
of ,theexponent isregardedasaneigervalueandis thuspartof the solution. This procedureallows to calculatethe
expecteddouble-aluedvelocity distributions,plottedin gure 1 (b), for agivenpressureyradient.

From a rigorousrational point of view (3) represent&n ad hoc approximationof the full setof Reynolds equations.
The Reynoldsnumberentersthe solutionsolelyvia the logarithmicnearwall portionof the o w. As aconsequencehe

asymptoticerroris inherentlyof . Therefore extendingthe domainof the calculationsto the boundary by
adoptingawall layermodelwould notimprove the quality of the numericalsolutionin thelimit Re
By integrationof (3) from to onerecoversthewell-known v. Karménsintegralmomentunbalancespeci ed
for equilibriumboundarylayers.Introducinga canonicakquilibriumshapeactor , it iswrittenas

with 4

wherethe Rotta-Clauseparameteide ned by (1) hasto be calculatednumerically The solid curvesin gure 1 (a)
representheassociatedolutionsfor ~ which shav qualitatively goodagreementvith the predictionsof the asymptotic

analysis. Therethe Reynoldsnumberentersin the form Re hencethe collapseof the numericalresultsfor nite
valuesof Reonto the dashedine holdingin thelimit Re is ratherslow. Finally, we notethatthe lower branches
in gure 1 (a) revealthe classicalresultsfor . In contrastthe upperbranchesndicatethe existenceof a fully
nonlineartheory predictinga velocity defectof and,in turn, evenseparatedo ws. This issueis a topic of current
research.
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