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Summary An asymptoticinvestigationof turbulentboundarylayershaving a moderatelylargevelocity defectis presented.It extends
the classicalsmall-defecttheory insofar as the defectis measuredby a secondperturbationparameterbesidesthe suf�ciently large
globalReynoldsnumber. Most remarkably, thetheoryis capableof describingnon-uniquenessof quasi-equilibrium�o ws, a property
whichhasbeendiscussedintensively in theliterature.

MOTIVATION AND PROBLEM FORMULA TION

Near-equilibriumturbulentboundarylayersplay an importantrole in internal�o w situations.In particular, herediffuser
�o wsserveasatypicalengineeringapplication.In sucha�o w con�gurationtheboundarylayerhasto sustainapreferably
large pressurerise, exertedby the external irrotational bulk �o w, whereasthe �o w shall remainstrictly attached. In
orderto preventseparationit is advisableto control thepressuregradientsuchthat theboundarylayerglobally admitsa
self-preservingstate,or, equivalently, remainscloseto equilibrium. As a well-establishedconditionnecessaryfor self-
similarity, the streamwisevelocity componentat the boundarylayer edgemustvary asa power � of the streamwise
coordinate.Moreover, it hasbeencommonlyarguedonapartially empiricalbasisthat ����������	 , cf. [4].
On the otherhand,it is known from experimentsthat ��
���
������ characterisesa boundarylayer exhibiting identically
vanishingwall shear([3]). As a consequence,this suggeststhat (at least)double-valuedsolutionsarepossibleas the
associatedexponent� measuringthe strengthof the pressuregradientmay fall below that critical valuebut is greater
than ������	 . Indeed,in thepastseveralstudiesindicatedthenon-uniquenessof turbulentnear-equilibriumboundarylayers
([3], [4]). An early hint is givenby Clauserin his pioneeringexperimentalwork [1]. Most notably, an explicit clue is
foundin [5]: In thatstudytheimpacton diffuserdesignof boundarylayer�o w thatwithstandsa pressureincreasemuch
largerthanoneprovokingseparationwasinvestigatednumericallyusinganintegralmethod.
However, thisstriking featureof near-equilibrium�o w hasnotbeeninvestigatedsofarby astrict rationalapproachbased
on �rst principles.It is, amongothers,theprimaryobjectiveof our presentationto elucidatethis particular�o w structure
by meansof an asymptoticanalysisof the Reynolds-averagedNavier–Stokesequationsin the limit of a large global
ReynoldsnumberRe. To this end, �rst the few basicassumptionsunderlyingthe `classical' theoryof self-preserving
boundarylayersfor Re ��� have to besummarisedbrie�y .

ASYMPTOTIC THEORY OF SELF-SIMILAR BOUNDARY LAYERS

The `classical' limit
A rationalasymptoticdescriptionof high Reynoldsnumberwall-boundedturbulentshear�o wshasbeenformulated�rst
in theearly1970ies,seee.g.theseminalpaperof Mellor [2]. It canbeshown thatthis self-consistenttheoryeffectively
exploitswell-known dimensionalargumentswhichdeterminethescalingof theviscoussublayeradjacentto thewall and
is basedon a two-layerstructure. Insidethe viscouswall layer the streamwisevelocity componentis of ���

������� Re� .
Matchingwith theresultsholdingin thefully turbulentmain layeryieldsthecelebrateduniversallogarithmiclaw of the
wall. Moreover, it requiresthat thevelocity defectwith respectto the imposedexternalstreamwisevelocity  "! aswell
astheboundarylayer thickness# , non-dimensionalwith a global lengthscale,areasymptoticallysmallandalsoof that
magnitude.As a result,thetheorydoesnotcoverseparating�o wswhichapparentlyexhibit avelocitydefectof ���

�

� .
It is demonstratedin [3] on basisof this classicalapproachthatequilibrium �o ws arecharacterisedby a Rotta–Clauser
parameterwhichvariesonly slowly in streamwisedirection $ . Let % denotethedistancenormalto thewall, it is givenby
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Furthermore,oneinfers from the leading-orderintegral momentumbalancethat
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� . Consequently, the
classicaltheoryceasesto bevalid as �

�

������	BA sinceit predictsanunboundedgrowth of boththevelocity defectand
the boundarylayer thickness. In presentliteraturethis failure is commonlyattributedto incipient separation([3]). In
contrastto this suggestionit is shown herethat this failurecanbeavoidedby a generalizedsmall-defecttheorywhich is
basedon a three-ratherthana two-layerstructure.While thevelocity defectis still small, it is, however, asymptotically
largecomparedto theoneassumedin theclassicalcase.

Distinguishedlimit C"D�EGF�HJILK Re MON9P3Q�R

In thenew theorythedoublelimit
&

�S� , Re �T� consideredis foundto implicatea wake-type�o w in theoutermost
layerwhich in factcloselyresemblesa separating�o w. Herethedefectis measuredby a secondsmallparameterbesides

������� Rewhich, amongothers,characterisestheslendernessof theboundarylayer. In contrastto theclassicalanalysis,



thenew oneaccountsfor weaklynonlineareffectsduethe inertia termsin theequationsof motion. Introductionof the
couplingparameterUWV

&,XZY\[

����� Re )1���

�

� leadsto a new distinguishedlimit wherethestill �nite wall shearentersthe
�o w descriptionin secondorder. Therethesolutionis shown to satisfya solvability conditionderivedfrom the integral
momentumbalance.Assumingstrict equilibriumup to secondorder, the resultingalgebraicrelationshipcan– without
adoptingany turbulenceclosure– becastinto canonicalform,
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which clearly revealsa double-valued�o w structure,seethe dashedcurve in �gure 1 (a). Here
^

`

, and ^

a measurethe
velocitydefectandthesmalldeviationof theexponent� , characteristicof theexternal�o w, from ������	 , respectively.
From(2) thefundamentalconclusioncanbedrawn thatfor highbut �nite valuesof Retheeffectscausedby nonlinearities
indeedimply a restriction�O��������	 , where�c=1����	
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Figure1. (a) Defectmeasure
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(canonicalscaling),(b) defectpro�les (classicalscaling)for differentvaluesof Re, uB™”šœ›ž•9uŸ• u�™�¡3¢ .

Comparisonwith numerical resultsfor �nite valuesof Re
In order to supportthe asymptoticresultsa numericalstudy was performedby solving the nonlinearboundarylayer
equationsassumingstrict equilibrium in the fully turbulent �o w regime. By introductionof a suitablyde�ned stream
function £”�L¤�� andby applyinganappropriatesimilarity transformation,they become
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Here ¹¼
W
�� ½B� denotesthev. Kármánconstant.Theboundaryconditionsfor ¤��


 re�ect thebehaviour of the�o w in the
overlapregimebetweentheouterregionandtheviscouswall layer. To solvetheresultingproblem(3), it is supplemented
with an (asymptoticallycorrect)algebraicclosurefor the Reynolds shearstress. . Prescribinga (suf�ciently large)
Reynoldsnumber, a properlychosen(suf�ciently small) linear increaseof # denotedby « aswell asa minimum value
of ¤ , theexponent� is regardedasaneigenvalueandis thuspartof thesolution.This procedureallows to calculatethe
expecteddouble-valuedvelocitydistributions,plottedin �gure 1 (b), for a givenpressuregradient.
From a rigorousrationalpoint of view (3) representsan ad hoc approximationof the full setof Reynolds equations.
TheReynoldsnumberentersthesolutionsolelyvia thelogarithmicnear-wall portionof the�o w. As a consequence,the
asymptoticerror is inherentlyof ���'¸©� . Therefore,extendingthedomainof thecalculationsto the boundary¤¾)


 by
adoptinga wall layermodelwouldnot improvethequality of thenumericalsolutionin thelimit Re �T� .
By integrationof (3) from ¤­)


 to ¤­)

� onerecoversthewell-knownv. Kármán'sintegralmomentumbalance,speci�ed
for equilibriumboundarylayers.Introducingacanonicalequilibriumshapefactor

^

¿

)����

�

� , it is writtenas
&

�

�*=6	��

�À)

�"�Á=

�

�*=Â���

�

^
`

X

2 with
^

`

X

)Ã¸

&

XZYd[

^

¿

2 (4)

wherethe Rotta-Clauserparameterde�ned by (1) hasto be calculatednumerically. The solid curves in �gure 1 (a)
representtheassociatedsolutionsfor

^

`

which show qualitatively goodagreementwith thepredictionsof theasymptotic
analysis.Therethe Reynoldsnumberentersin the form �����œ� Re, hencethe collapseof the numericalresultsfor �nite
valuesof Reonto thedashedline holding in the limit Re �T� is ratherslow. Finally, we notethat the lower branches
in �gure 1 (a) reveal the classicalresultsfor ^

a

�T� . In contrast,the upperbranchesindicatethe existenceof a fully
nonlineartheorypredictinga velocity defectof ���

�

� and,in turn, evenseparated�o ws. This issueis a topic of current
research.
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