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HYDRODYNAMIC INTERACTION OF A SPHERICAL PARTICLE IN POISEUILLE FLOW
BETWEEN PLANAR WALLS
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Summary By usinga two-dimensionalFourierrepresentationof theGreentensorfor Stokesflow betweenparallelwalls,we calculate
all friction andmobility functionsfor a singlesphericalparticlemoving betweentwo walls subjectto Poiseuilleflow. The method
readilygeneralisesto N particles.For achannel narrow with respectto particlesize,superpositionof one-wall resultsis notanaccurate
approximationfor thetwo-wall problem.Translation-rotationcouplingis significantandchangesits signasthe lateralpositionof the
particlerangesacrossthechannel. We illustratethesetwo-wall effectsby calculatingthetrajectoriesof a magneticcolloid particlein
Poiseuilleflow subjectto anexternalmagneticfield.

INTRODUCTION

Hydrodynamic forcesbetweenparticlesplayanimportantrole in determining thedynamicsof bulk suspensionsof meso-
scopicparticles[1]. In addition to particle-particleforces, hydrodynamicinteractionsbetweenparticlesandsurrounding
wallscanplayasignificantrolein sedimentation[2] andin thedynamicsof boundparticleclusters[3]. In recentyears the
development of optical tweezersandconfocalmicroscopy hasenabled oneto measuredirectlysomeof thehydrodynamic
interactions betweenoneparticleanda singlewall [4] or betweenoneparticleandtwo parallelwalls [5, 6] aswell as
hydrodynamicinteractions betweentwo particlesin the presenceof planewalls [7]. Theseexperimentaladvancesand
thepossibilityof technological applications to biological sensorsandcatalysisbasedon mesoscopicparticlesflowing in
suspensionnearwalls meansthat thereis needof a betterunderstandingof particle-wall hydrodynamicinteractionsin
channel flow.

TWO-WALL GREEN TENSOR

For a sphericalparticleneara singlewall we have shown earlierthatfriction functions andmobilities maybecalculated
from the matrix elementswith respectto a completeset of vector harmonicsof the Greentensorfor the Stokesflow
equationsin thepresenceof thewall [9]. Inversionandprojectionof this matrixgivesthegrandresistancematrix whose
inversedefinesthe mobility matrix. The sameformal schemeworks alsofor two walls, however, the difficulty lies in
obtaining atractableform of theGreentensor. In earliersinglewall studiesweusedanimagetechnique[8, 9] to calculate
the Greentensor. For two walls, the Greentensorhasbeenobtained sometime agoby a mixture of imagemethods
andtwo-dimensionalFourier transformation[10]. More recently a schemehasbeenproposedwhich builds on the one
wall imagetechnique but involves infinite sumsof imagesin the two walls [11]. By useof a two-dimensionalFourier
representationwithout recourseto imagesummation we have obtained theexactGreentensorfor Stokesflow between
parallelwalls in a representationwhich is muchmoresymmetricthantheearliercalculation[10].

ONE-PARTICLE FRICTION MATRIX

Our Fourierdecompositionmakesit possibleto reduceto one-dimensional quadraturethecalculationof all matrix ele-
mentsof theGreentensorwith respectto a completesetof vector harmonics. In obtaining this essentiallyexact result
we derive exact formulae for a classof integrals which involve a scalarspherical harmonic weightedwith a complex
exponentialfunction. By inversionof this Greentensormatrix followed by projection ontoa finite dimensional spaceof
low-orderharmonicswe obtainthegrand resistancematrix for thesphericalparticlein thepresenceof thetwo walls. We
determine theCartesianform of the grand resistancematrix in the presence of an imposedPoiseuilleflow betweenthe
two wallsandrelatetheCartesianrepresentationto theharmonic representation.Fromthegrandresistancematrixandits
inverseweobtainall scalarfriction andmobility functions for asinglesphericalparticlebetweentwo wallsandsubjectto
anincident Poiseuilleflow.

NUMERICAL CALCULATION

The numerical evaluation of the friction andmobility functions involvesnumerical integration followed by numerical
matrix inversion.By comparisonwith thenumerical boundarycollocation calculationsof Ganatos et al [12, 13] weshow
the rapid convergenceof our scheme.We compare the exact two-wall resultwith the result for a singlewall andwith
a superpositionapproximation. Whenthe ratio of wall spacingto particlediameter is lessthanaboutfive we find that
simplesuperpositionof singlewall resultsis not anaccurate approximation. The translation-rotationcoupling changes
sign as the lateral positionof the particle ranges betweenthe walls. We show the scalartranslation-rotation friction
function
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below for a ratio of wall spacingto particlediameter equalto two. Herethetwo walls arelocatedat� 	������

where
� 	

is thelateraldistanceof thespherecentrefrom thecentreof thechannel and



is thesphereradius.



APPLICATIONS AND CONCLUSIONS

From the friction andmobility functionswe cancarryout Stokesiandynamics studiesof the trajectoryof a particlein
Poiseuilleflow andsubjectto external fields. In particular, for polar particlessubjectto external electricor magnetic
fieldsthetranslation-rotationcoupling convertsexternal torque into translational motion. We have studiedthis effect for
a range of field strengthsandfield orientations. Thesingleparticleresultsarequite interestingin their own right but an
importantadvantageof ourmethodis thatit canbegeneralizedquitesimply to � particlesratherthanto justone. For the
many-particleproblemwe requirematrix elementsof theGreentensorbetweentwo centresratherthanthesamecentre.
TheFourierrepresentation allowsusagainto reduce thecalculationof all matrixelementsto quadraturethusopeningthe
way to � -body Stokesiandynamics studiesof asuspensionbetweentwo walls.
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