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Summary An exact three-dimensionnal analysis is developped for an axisymmetric loading on the surface of a half-space composed
by an anisotropic cubic medium. The general solution is given for a surface concentrated loading by exact integral expressions.
Isovalue curves of stress permit easily to compare the anisotropic results with the isotropic ones.

BASIC EQUATIONS

We consider a homogeneous elastic half-space z>0, referred to a fixed rectangular Cartesian coordinate system (Oxyz).
We assume that the medium is characterized by cubic anisotropy, with the z-axis as elastic symmetriy axis. Let arbitrary
axisymmetric normal stress be prescribed all over the boundary z=0. We need to find the complete field of stress and
displacements in the half-space.
By using cylindrical coordinates (r,q , z) , we designate the components of the displacement field (ur ,uq ,uz ) , the

components of the strain tensor 

† 

err,eqq ,ezz,gqz,g rz,g rq( )  and the non-zero components of the stress tensor

),,,( rzzzrr ssss qq .
We use some results obtained in [3], with the same notations, and we show that the introduction of a potential function
permits to reduce to one the number of independant equations (compatibility and equilibrium). It is a differential
equation of the 4th order which has the solution

† 

j(r,z) = (Aes1mz + Bes2mz + Ce-s1mz + De-s2mz )J0(mr)mdm
0

•

Ú
The coefficients A, B, C, D are determined by the boundary conditions and the regularity conditions at infinity. Then,
the formulae for stresses take the form

† 

s zz(r,q,z) = (Cs1g1e
-s1mz + Ds2g20

•

Ú e-s2mz )m4J0(mr)dm

† 

s rz(r,q,z) = (Cp1e
-s1mz + D

0

•

Ú p2e
-s2mz)m4J1(mr)dm

RESOLUTION

We consider the case of a uniform normal pressure distribution p0 on a circle (radius r0) applied on the medium surface
z!= 0. The Hankel transformation of loading function is

)mr(Jrp)m(p 0100
H =

and we obtain successively A = B = 0 ,

† 

C =
k m( )p2

(p2s1g1 - p1s2g2)

† 

D = -
k m( )p1

(p2s1g1 - p1s2g2)
with

† 

k m( ) = -p0r0J1(mr0) /m4

Thus, by integration of the expressions of szz and srz, it is possible to obtain the field of stress in the complete medium.
The following curves present the results for two cubic materials (copper and molybdenum). The cupper has a behavior
very different of the isotropic one (in dotted line). The molybdenum is similar. This is consistent with the values of the
elastic coefficients of each material.

When the surface loading is reduced to a concentrated force P,

† 

k m( ) = -
P

2pm3

 and thus we obtain explicit solutions for the stress and displacement in the half-space.



CONCLUSIONS

From fundamental equations of solid mechanics (equilibrium equations, compatibility conditions, generalized Hooke’s
law), we introduce a new potential function from the stresses and we are able to express the displacements only with
this function. This method is usable for all axisymmetric loadings in the surface or in the interior of an infinite or semi-
infinite cubic medium. It gives new solutions for contact elastic problems between anisotropic materials. Today, we
have at our disposal only explicit solutions for isotropic materials [4] and transversely isotropic materials [1,2].
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