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Summary The paper deals with the minimum compliance problem of a sandwich plate with soft core. The aim is to find an optimal 
layout of two isotropic materials within the core layer. In the numerical treatment of the relaxed formulation the core layer is 
modelled by a 2nd rank laminated composite. 
 
Deformation of a sandwich plate of a soft core, see Fig.1, transversely loaded, will be modelled by the Reissner model 
of 1947, see Sec. 6.3 of Ref.[5].  The bending stiffnesses ( )αβλµD , 2,1,,, =µλβα , depend on the properties of the faces 
and on the distance 2c. The aim is to optimize the core the transverse shear moduli of which determine the effective 
stiffnesses ( )αβH . The moments ( )αβM  and the transverse forces ( )αQ  are interrelated with the deformation measures 
by 

( )φλµ
αβλµαβ εDM = ,  ( )φ,wHQ β

αβα γ=                                                                (1)  
where ( )21,ϕϕ=φ is a vector of the angles of rotation of the transverse cross sections and w represents the plate 
deflection; the deformations ( )φλµε  are defined as symmetric part of the gradient of φ and ( ) βββ ϕγ += ,, ww φ . Here 
comma means differentiation with respect to 21 or  xx .  

                                  
 
Fig.1    Sandwich plate                                                            Fig.2  Microstructure of the core layer: a 2nd rank laminate 
 
The variational equilibrium equation of the plate has the form 
 

[ ( ) ( ) ] ( )wfdxwQM =+∫
Ω

φφ ,α
α

αβ
αβ γε      Vw ∈∀         ( ) ( ) ( )dxxwxqwf ∫

Ω

=                                       (2) 

  
where  q represents the transverse loading, Ω  is a plate middle plane and V represents the space of kinematically 
admissible displacement fields. Assume that the core is formed transverse homogeneously of two isotropic materials 
labelled by 2,1=γ of transverse shear moduli γ

αββα
γ µδ=33C . Assume that these materials occupy the domains 

γΩ within Ω ; the characteristic functions of the domains being denoted by γχ . Let the areas γγ C=Ω be prescribed. 
The problem of minimizing the compliance of the plate is put in the form 
 

{ }22 and (2) (1), solves)(min Cwwf =Ω                                                                  (3) 
 

The relaxation of the above problem means admitting the characteristic functions γχ  to tend to their weak limits 

[ ]( )1,0;Ω∈ ∞Lmγ , see Díaz et al.[4] and Lewiński and Telega [5]. Let per
mG

2
 be a set of tensors *H determining the 

composite material of the core, of two-phase periodic structure, according to the formulae of the homogenization 
theory, under the assumption of the area fraction of the material 2 being given as 2m . Let us define the effective 
potential for the transverse forces 

( ) ( ){ }per
ms GmW

2
:max, 2 ∈= HHγγγ                                                               (4) 

 
Thus the effective constitutive relationships read 
 

( )φDεM =  ,        ( )
γ
γQ
∂

∂
= 2, mWs                                                                    (5) 
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Fig.3 Optimal distribution of the area fraction  2m                                                 Fig. 4  Types of microstructures:  

                                                                                                      1st rank laminate: ;    2nd rank laminate: ; 
                                                                                    stronger isotropic material is black;   

                                                                                                              weaker isotropic material is printed white 
 
The relaxed problem assumes the form 
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222 ,1,0; (5),(4),(2), solves)(min CdxmLmwwf                                (6) 

In the numerical computations the set per
mG

2
has been replaced by the set comprising the 2nd rank laminates, see Fig.2, 

characterized by the design variables φαθω ,,, 22 . The effective moduli ( )αβH  are determined by the formula of Tartar, 
see Sec. 5.6.4  in Lewiński and Telega [5], applied iteratively. The equilibrium problem is solved with using the DSG 
finite element, see Bletzinger et al.[2],  free of shear locking and satisfying the convergence consistency criteria of 
Strang. The optimization has been performed with using the COC method and the updating schemes reported in 
Bendsøe [1]. A similar algorithm has been previously applied to thin plates in Czarnecki and Lewiński [3]. The optimal 
inclination of ribs is given by the formula 
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where ( )γe ,1∠=χ  and ( )αβ
0H  refer to the basis ( )0

2
0
1 ,ee , see Fig.2. Thus we find the optimal distributions of 2m in the 

core layer, see Fig.3, where the assumption 0=α  is used. The optimal layout is composed of the weaker material, of 
the stronger material and of laminates of 1st and 2nd rank.  The layouts in Figs.3,4 refer to the quadratic plate 
( m 0.1== yx ll , c=0.01 m, d=0.002 m) clamped along the sides AB, CD and supported along BC, DA such that there 

0,0 2 == ϕw . The plate is subjected to a uniform transverse loading. The faces are made of an isotropic material of 
moduli E=130.0 GPa, ν =0.3; the core is made of two materials of moduli 835.41 =E GPa, 3.01 =ν ; 

0.132 =E GPa, 3.02 =ν . The stiffnesses of the sandwich plate are computed according to the formulae of Sec.6.3 of 
Ref.[5]. The stronger material  occupies 0.51 part of the domain Ω . The computations have been performed with using 
the updating scheme, see [1], with the damping factor 75.0=η  and the move limit 013.0=ζ . The optimal layouts of 
the area fractions and the underlying microstructures compare favorably with 3D layouts found within the relevant 
relaxed formulation by homogenization. 
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