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Summary Three different methods are commonly used to analyse the stiffngaestfessed frameworks that consist of bars and
spherical joints. This paper will show that in fact the correct tangerfihei§ matrix for a prestressed structure, as used in the computa-
tional literature, can be written as the sum of two terms. The first is a mindific&tion of a conventional stiffness matrix, that is best
understood in terms of the equilibrium matrix that has been widely studied enthi@eering literature. The second term is the stress
matrix, that has been widely studied in the mathematical rigidity theory literature

INTRODUCTION

There are many types of structure where stress stiffenangsfa key role in determining structural response. Two alw/io
engineering examples are tensegrity structures and cablestructures; it has also recently been suggested thatrpss
may have a critical role to play in the stiffness of biologicalls [1]. In each of these cases, understanding of theteffe
of prestress on the stiffness of the structure is criticalrtderstanding how the structure works.

This paper will consider the stiffness fstimeworkstructures, spherically jointed structures where thectire carries
loads by tension or compression of its members, and not idibgnThe literature contains three different approacbes t
calculating the stiffness of these structures; in their cantext, each is correct, but it is not clear from the literathow
they are related to one another. Making clear the connextietween these methods is the aim of this paper.

PREVIOUS APPROACHES

There are essentially three different methods that haveiquely been applied to finding the stiffness of prestressed
frameworks: each will be described briefly here. | will refetthem as the ‘computational’ approach, the ‘equilibrium’
approach, and the ‘stress’ approach.

Papers describing the ‘computational’ approach (e.g.]}&®w how to correctly set up the local tangent-stiffnesdrir

K for a prestressed framework. Generally these papers He&€rin terms of two components

K= Kconv+ ngom (l)

whereKcony is a conventional stiffness matrix of the same geometsidentical, but unstressed, structure, digkom
is the change to this stiffness that comes about becausestirgss. This approach has proved to be highly successful
in calculating the response of various structures. Howdherapproach itself, as distinct from the results, givikeli
insight into the behaviour of the structures. The remaimvng approaches try to give a more intuitive understanding of
the behaviour.
The ‘equilibrium’ approach (e.g. [4, 5]) does not directlfitie a stiffness matrix, but instead considegsilibriumand
compatibility relationships, written as an equilibrium matek and a compatibility matrixA™. This approach allows
the calculation, for instance, of all possible states of-steéss and mechanisms of the structure. The response of th
structure is described in terms extensionaimodes, that correspond to the stiffness giverly,,, andinextensional
modes that correspond to mechanisms of the unstressetusgiube effect of the states of self-stress on the stiffroés
these inextensional modes is then calculated.
The ‘stress’ approach (e.g. [6, 7]) makes no attempt to fiedatttual stiffness of a prestressed framework. Rather, the
stiffness given by atressmatrix S is explored. The stress matrix has the same form as theestfffmatrix, i.e. it relates
displacement and forces, and in general has the following:fo
— The submatrix (of siz8 x 3 in 3D) of S relating two nodeg and j that are connected by a member contains
—(ti;/1;;)I = —t;;1, wherel is the identity matrix¢;; is the tension in the membé; is its length, and;; =
(tij/1:;) is thetension coefficierdf the member;

— The diagonal submatrix & corresponding to nodecontainsy _, t:1.I, where the summation is over the nodes that
are connected to nodéby members of the structure;

— The rest ofS is empty.

Note that the stress matrix takes no account of the elasbigepties of the element. This approach is widely used by
mathematicians imigidity theory, and has proved highly useful in exploring whether strietuwill be stiffened by
prestress, or not. The stress matrix is highly structured, this has, for instance, allowed catalogues of symmetric
tensegrities to be automatically generated, many of whiefeypreviously unknown [8]. However, it has not previously
been explored how this approach is related to the other eagitg approaches that have been described.



TANGENT STIFFNESS CALCULATION

The relationship between the different approaches to fipsiiiffness is most easily illustrated by examining thersis
of a single bar in a 3-dimensional structure. Consider a bngth! with axial stiffnessy (for an elastic bay = AE/I,
where A is the cross-sectional area, aAds the Young's Modulus of the material), that is currentlyrgang a tension
t, giving a tension coefficient = ¢/1. A unit vector along the bar from node 1 to 2 is given by #e 1 unit vectorn.
Differentiating the equilibrium relationship at each nal®ws the tangent stiffnedk to be calculated. For the single
bar (denoted by a subscrig}, this tangent stiffness is given by

K= n|@mt o= e e P @

wherels is a3 x 3 identity matrix.
Equation 2 can be rewritten using the equilibrium matrix #relstress matrix. For the single bar, the equilibrium matri
isA; = [nT —nT}T, and the compatibility matrix iAT. The final term in (2) is, for a single bar, exactly the stress
matrix described earlie§,. Thus,

K, = A, [g] AT - A, [{] AT +5, ©)

For a structure made up of multiple bars, standard summétichmiques allow the assembly of the complete stiffness
matrix, which can be written, following the form of (3) as

K=AGAT - ATA" +8 (4)

whereG is a diagonal matrix of the axial stiffness of members dhis a diagonal matrix of the tension coefficients of
the members.
Comparing (1) and (4), the conventional stiffness and gédcad stiffness matrices can be written Kgony = AGAT,
andKgeom = —ATAT + S, but it is also clear that doing so does not make best use dfttheture inherent in these
matrices. Rather, it is better to write

K=AGAT +8S (5)

whereG’ = G — T is a diagonal matrix oimodifiedaxial stiffness of the members, where each enty is g — . For
practical structure$ < ¢, and the stiffness given bi{,os = AG’AT will be little different from the stiffnes® cony.
More importantly, the interesting mechanics associaték Ki,qg, €.9. zero stiffness modes, are best understood in terms
of the equilibrium matrixA.

Thus (5) shows that the correct tangent stiffness, as giyehé‘computational’ approach, can be written as two terms.
The first of these terms is best understood using the ‘equitild approach, while the second is exactly the stress matri
used in the ‘stress’ approach.

CONCLUSIONS

The paper has shown that the correct tangent stiffnessxfatra prestressed structure is best understood in terms of
two terms. The first is a minor modification of a conventiortéfreess matrix, that is best understood in terms of the
equilibrium matrix that has been widely studied in the eegiting literature. The second term is the stress matrix, tha
has been widely studied in the mathematical rigidity thdibeyature.
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