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Summary This paper presents the stress concentration of a cavity which embedded in elastic half space and impinged by Goodier-Bishop 
incident wave. When the frequency approaching zero, Goodier-Bishop wave reduces to a field under a uniform tension along the direction 
parallel to the flat surface. We derive the reflective wave from the free flat surface through the Fourier spectrum representation include in 
the development of the transition matrix. Then the transition matrix approach is applied to determine the scattered field. 
 

GOODIER-BISHOP INCIDENT WAVE 
 
Many investigators have studied the dynamic stress concentration of a cavity in an elastic infinite space. The historical 
development and the related reference can be found in the monograph of Pao and Mow (1973). However, very little 
progress has been achieved in the investigation of dynamic concentration in three-dimensional elastic half-space. In this 
paper, we present the solution for the dynamic stress concentration of a spherical cavity in elastic half-space subjected 
to two sets of standing Goodier-Bishop wave with circular frequency ω as shown in Fig. 1; the one travels in x-z plane 
and is specified by the dilatational potential 
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and the other travels in y-z plane and is specified (see Fig. 2)  
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speed ( 2 ) /pC λ µ ρ= + , /sC µ ρ=  in which ρ  denotes mass density, λ  and µ  are Lamé constants. Indeed, the 
Goodier-Bishop wave is a plane dilatational wave propagating in grazing incidence and satisfies the traction-free 
conditions at the flat surface. It generates a reflective Pz-wave as well as a reflective SV-wave in the direction of the 
critical angle. Note that the summation of Eqs. (1) and (2) yields that as k  the free field normal stress 0p →

f
xxτ  

approaches a uniform tension T  and the other components vanish. 
 

TRANSITION MATRIX IN ELASTIC HALF SPACE AND FOURIER SPECTRUM REPRESENTATION 
 
On the basis of the transition matrix method approach, we can relate the scattering coefficients c  to the coefficients of 
incident wave a , i.e.,  
  (3) 1 *[ ]−= − ≡c I TΡ T a T a ,

] ,

where  denotes a unit matrix and T Q  is the  conventional transition matrix for the elastic infinite space (Pao, 
1978). The notation T I  is the one for elastic half-space. It should be mentioned that P  denotes the 
rescattering matrix which implies the rescattering phenomena of reflective wave from the flat surface. The transition 
matrices  and  are developed by applying Betti’s third identity to the basis functions and the true field. To put it 
briefly,  matrix is formulated by applying the reciprocal theorem combined with the basis function and the 
rescattering wave (reflected from the free flat surface) 
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in which the set ( , u ) denotes the spherical vector basis functions Pao (1978) and the rescattering set ( , t ) denotes 
the reflective wave from the free flat surface.  The rescattering term, in general, could be presented as Fourier spectrum 
representation (on Cartesian coordinate) and be written as the following form, 
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in which wave number k  may be *
pk  or sk  and  denotes the depth of the cavity. In above equation, the double 

integrals of Fourier spectrum can be calculated by applying the modified steepest decent path method (Yeh, et al. 
2000). 

h

 
CONCLUSIONS 

 
In this paper, we adopt the Goodier-Bishop wave to simulate a standing incident wave for modelling the uniform tension 
surrounding. The stress concentration of a spherical cavity in elastic half-space subjected to this standing wave calculated by 
employing the transition matrix for half-space and shown in Fig. 3. These results present the features of the influence of the 
interaction between the ground surface and a shallow embedded cavity.  
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Figure 1. The coordinate system for the geometric inclusion.              (a) 
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                    (b) 
Figure 2. A diagram for the standing Goodier-Bishop stress            Figure 3. The influence of the rescattering through 
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 wave.             describing the hoop stress around the meridian on 
x-z plane ( 0 ~θ π=  and 0,φ π= ) of the shallow 
buried cavity k h 2s =  at frequency  and  (a) 
for 

1sk a =
| |θθ Tτ  (b) for | | Tφφτ  (solid line for 

rescattering case, dotted line for without rescattering 
case and circle symbol for results of the least square 
method testing) 

 


