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Summary We considerthe spreadingof a chargedconductingdropleton a flat dielectricsurface. Two forcesdrive the spreading:
surfacetensionandelectrostaticrepulsion.By usingthelubricationapproximationwederiveafourthordernonlinearpartialdifferential
equationthatdescribestheevolutionof theheightprofile. Wefind thattheequationhasatwo-parameterfamily of selfsimilarsolutions.
Someof the solutionsareexplicitly computedwhile the othersolutionsarestudiednumerically. We show that the solutionshave
moving contactlinesandthe radiusof thedrop is a power law of time with exponentone-tenth.We alsoconstructexplicit solutions
correspondingto non-circulardrops,whoseinterfacesareellipseswith constantfocal length.

MAIN RESULTS

The interactionbetweena dropletandanelectricfield hasreceived intenseattentionin the last few yearsin connection
to its potentialtechnologicalapplicationsin microfluidics, inkjet printing andelectrosprayionization. Herewe study
spreadingdropsplacedon a dielectric planesurfacein the absenceof any other external chargesor conductors. In
particular, we areinterestedon theinfluenceof theelectricchargeon thespreadingrateandtheshapeof thedrop.
We derivea modelbasedon thethin film approximationandfind thefollowing results:

1. For circulardrops,thereareself-similarsolutionsthatdescribetheadvancedstageof thespreading.Wefind a two-
parameterfamily of compactlysupportedself-similarsolutionsshowing thattheradius �����	� of thedropis givenby
a power law of theform �
���	�
���������������������� �! #"	$%"'&
� (1)

where � is theviscosity, � thesurfacetensioncoefficient, � thevolumeof fluid, � is the time measuredsincethe
beginningof thespreadingand ����� aredimensionlessparameters.

2. Oneof theseparameters, �(�*) &�#� �,+-/. ) &  10 � (2)

where + is the electricchargeof the drop and ) & is the permittivity of the gasabove the drop, is identicalup to
a constantto Lord Rayleigh’s fissibility parameter(cf. [2], [1]) andmeasuresthe ratio betweenelectrostaticand
capillary forcescontrolling the dynamics. The ratio betweentheseforcesdoesnot dependon the radiusof the
dropandremainsconstantthroughthewholespreadingprocess.Theotherparameter� controlsthespeedof the
spreadingandtheshapeof thedrop.

3. Oneof thesesolutionsis computedexplicitly. In this solutionthecapillarity doesnot affect theshapeof thedrop.
The othersolutions,whosedrop shapesareaffectedby capillarity, arecomputednumericallyby solving a third
orderboundaryvalueproblem. The self-similarsolutionshave two possibledifferentshapes:convex dropsand
dropswith anannularbumparoundthecenterof thedrop.

4. We constructexplicit solutionsfor dropswith elliptical interfaces,describingthe spreadingof a liquid initially
concentratedon a finite segment. The subsequentshapesof the interfaceare a family of confocalellipsesthat
asymptoticallyapproacha circle.

LUBRICATION APPROXIMATION AND SELF-SIMILAR SPREADING

We shallassumethat thedropis thin enoughto allow theuseof theso-called“lubrication approximation”.That is, if 2 &is theheightof thedropand � its radius,then 2 &�3 �5476 . Underthisapproximation,thevelocityfield is mostlyhorizontal
andits derivativeswith respectto theverticaldirectionaredominantrespectto thederivativeson theotherdirections.
Let thefreesurfaceof thedropbedescribedby thegraph 8 � 2 ��9:�<;
�	�	� . If we imposetheno-slipboundaryconditionat
thesubstrate( 8 �>= ) aswell aszerotangentialstressesat thefreesurface( 8 � 2 ) thenit is well know (cf. for instance
[3]) that,for aNewtonianfluid, thevelocityaveragedon theverticaldirectionis givenby:?5�A@ 6B � 2 0 C�D � (3)

whereC�D is thegradientof thepressureat ��9:�<;E� , whichunderthegivenapproximationis independentof 8 . Theequation
for theinterfacefollows from massconservationandreadsas:2 F G C H � 2 ?E�I��=5J (4)



At the freesurfacethenormalstressbalanceyields the following relationshipbetweenpressure,electrostaticstressand
capillarypressure: D �K@MLONMP G �OQ � (5)

where L is theinducedsurfacecharge, N P is thecomponentof theelectricfield normalto thesurface( N P � N H R ), � is
thesurfacetensioncoefficientand Q is themeancurvatureof thefreesurface.Whenthelubricationapproximationholds
wehave QTS @VU 2 J (6)

After computingthe electric field for a circular flat drop and insertingit into the previous equationswe arrive at the
following lubricationequation:2 F G 6WYX W 6B � 2 �[Z + 0) & � -\. �
���	�	� 0 6� 0 ���	�]@^W 0 G � � 2`_<_ G 2 _W  Ma _�b _ ��=�J (7)

This equationis definedfor =dceWfcK�
���	� . The initial conditionis 2 ��W��	� & �V� 2 & ��Wg� for WihYj =��k�
��� & �!l andtheboundary
conditionsare 2nm ��=n�	�	�I� 2nm m m �o=��<�	�I�p= (circularsymmetry),2 �o�����	�%�<�	�
�p= for ��qr� & (8)

togetherwith theconditionthatnomassis lostat therim of thedropimplying thatthelimit of thetermwithin bracketsin
(7) is zeroat Ws�t�
���	� .
Selfsimilarsolutionsareof theform 2 � 6�\uvxw � W�
uu�y  (9)

with w ��z{� satisfying: @��|��z w5} G�~ w � G 6z�X z w � � ���6�@^z 0 G w5}�} G w }z  } b } �p=�� (10)

where� , � and � aredimensionlessparameters.We find anexplicit solutionw ��z{���K6�@^z 0 (11)

provided �t� ~ ��� , ��� . 3 ~ andbroaderfamiliesof solutionswith interestinggeometricproperties.
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