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Summary We considerthe spreadingof a chaged conductingdropleton a flat dielectric surface. Two forcesdrive the spreading:
surfacetensionandelectrostaticepulsion.By usingthelubricationapproximatiorwe derive afourth ordernonlineampartial differential

equatiorthatdescribesheevolution of theheightprofile. We find thattheequatiorhasa two-parametefamily of selfsimilarsolutions.
Someof the solutionsare explicitly computedwhile the other solutionsare studiednumerically We shav that the solutionshave

moving contactlines andthe radiusof the dropis a power law of time with exponentone-tenth.We also constructexplicit solutions
correspondingo non-circulardrops,whoseinterfacesareellipseswith constanfocal length.

MAIN RESULTS

The interactionbetweena dropletandan electricfield hasreceved intenseattentionin the lastfew yearsin connection
to its potentialtechnologicalapplicationsin microfluidics, inkjet printing and electrosprayionization. Here we study
spreadingdrops placedon a dielectric plane surfacein the absenceof ary other external chagesor conductors. In
particular we areinterestedn theinfluenceof the electricchageon the spreadingateandthe shapeof the drop.

We derive a modelbasedn thethin film approximatiorandfind thefollowing results:

1. For circulardrops,thereareself-similarsolutionsthatdescribehe advancedstageof the spreadingWe find a two-
parametefamily of compactlysupportedself-similarsolutionsshaving thattheradiusa(t) of thedropis givenby
apowerlaw of theform
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wherey is the viscosity -y the surfacetensioncoeficient, V' the volumeof fluid, ¢ is the time measuredincethe
beginningof thespreadingand X, Z aredimensionlesparameters.
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where( is the electricchage of the drop ande is the permittivity of the gasabove the drop, is identicalup to
a constantto Lord Rayleighs fissibility parametelcf. [2], [1]) andmeasureshe ratio betweenelectrostaticand
capillary forcescontrolling the dynamics. The ratio betweentheseforcesdoesnot dependon the radiusof the
drop andremainsconstanthroughthe whole spreadingorocess.The otherparametetZ controlsthe speedof the
spreadingandthe shapeof thedrop.

2. Oneof theseparameters,

3. Oneof thesesolutionsis computedexplicitly. In this solutionthe capillarity doesnot affect the shapeof the drop.
The othersolutions,whosedrop shapesare affectedby capillarity, are computednumericallyby solving a third
orderboundaryvalue problem. The self-similar solutionshave two possibledifferentshapes:corvex dropsand
dropswith anannularbumparoundthe centerof thedrop.

4. We constructexplicit solutionsfor dropswith elliptical interfaces,describingthe spreadingof a liquid initially
concentratedn a finite sggment. The subsequenshapef the interfaceare a family of confocalellipsesthat
asymptoticallyapproachacircle.

LUBRICATION APPROXIMATION AND SELF-SIMILAR SPREADING

We shallassumehatthedropis thin enoughto allow the useof the so-called‘lubrication approximation”.Thatis, if hg

is theheightof thedropanda its radius,thenhg /a < 1. Underthis approximationthevelocity field is mostlyhorizontal
andits derivativeswith respecto theverticaldirectionaredominantrespecto the derivativeson the otherdirections.

Let thefree surfaceof thedropbe describeddy thegraphz = h(z,y,t). If weimposethe no-slipboundaryconditionat
the substratdz = 0) aswell aszerotangentialstressesit the free surface(z = h) thenit is well know (cf. for instance
[3]) that,for aNewtonianfluid, thevelocity averagedon theverticaldirectionis givenby:
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whereVp is thegradientof the pressureat (z, y), which underthegivenapproximatioris independentf z. Theequation
for theinterfacefollows from massconserationandreadsas:
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At thefree surfacethe normalstressbalanceyields the following relationshipbetweenpressureglectrostaticstressand
capillarypressure:
p=—0E, +k, (5)

whereo is theinducedsurfacechage, E,, is the componenbf the electricfield normalto the surface(E,, = E - 7), v is
the surfacetensioncoeficientandk is the meancurvatureof the free surface.Whenthe lubricationapproximatiorholds
we have

k ~ —Ah. (6)

After computingthe electricfield for a circular flat drop andinsertingit into the previous equationswe arrive at the
following lubricationequation:
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This equationis definedfor 0 < r < a(¢). Theinitial conditionis h(r,to) = ho(r) for r € [0, a(to)] andthe boundary
conditionsare

K (0,t) = B'"(0,t) = 0 (circularsymmetry),h(a(t),t) = 0 for t > ¢, (8)
togethemith the conditionthatno masss lost attherim of the dropimplying thatthelimit of thetermwithin bracletsin
(7)is zeroatr = af(t).
Selfsimilarsolutionsareof theform
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with H (p) satisfying:
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whereX, Y andZ aredimensionlesparametersWe find anexplicit solution

H(p)=1-p’ (11)
providedZ = 2XY,Y = /2 andbroaderfamiliesof solutionswith interestinggeometricproperties.
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