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SPONTANEOUS SIGN REVERSALS IN SELF-ORGANIZED STATES OF FORCED
TWO-DIMENSIONAL TURBULENCE ON A BOUNDED SQUARE DOMAIN
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Summary Theinverseenergy cascadepresentin two-dimensional(2D) turbulenceleadsto theformationof large-scaleflow structures.
In the caseof decaying2D turbulenceon a squaredomainwith no-slip walls the flow usuallyshows self-organizationinto a single
domain-filling circulation cell with an associatedincreasein the total angularmomentumof the flow — a processreferredto as
’spontaneousspin-up’. Subsequently, this organizedstatemaypersistuntil all energy is depletedby viscousdissipationandthefluid
eventuallycomesto rest. In contrast,if the energy of the flow is maintainedby someexternal forcing mechanism,a spectacularly
differentbehaviour may be observed. Boundarylayerspresentat the domainwalls candestabilizetheorganizedstate,suchthat the
dominatingcirculationcell collapses,andtheself-organizationprocessmaystartanew. Moststrikingly, thecirculationmayevenshow
signreversal.This flow behaviour hasbeeninvestigatedby high-resolutionnumericalsimulationsbasedon spectraltechniques.

DECAYING 2D TURBULENCE

A well-known featureof two-dimensional(2D) turbulenceis the inverseenergy cascade,accordingto which energy is
passedfrom small to largescalesof motion. It is generallyassumedthat the inversecascadeis linked to the formation
of vortex structures.In thecaseof slowly decayingturbulence,thesestructuresshow complicatedinteractions,resulting
in a decreasingnumberof vorticesof increasingsize.Numericalsimulationscarriedout for a turbulentflow on a double
periodicsquaredomainhaverevealedthattheflow eventuallybecomesorganizedin theform of acombinationof two cells
of positive andnegativecirculations[1]. In contrast,the’final state’of decaying2D turbulenceon a squaredomainwith
no-slipboundariesconsistsof a largecentralcell with eitherpositive or negative circulation,surroundedby a shielding
ring of negativeor positivevorticity, respectively, suchthatthetotal circulationof theflow is zero(asdictatedby theno-
slip conditionat thedomainboundaries).This long-timebehaviour hasbeenfoundbothin laboratoryexperimentsandin
high-resolutionnumericalflow simulations.A remarkableobservationwasthatin many casesthetotalangularmomentum�������
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showsasuddenchangeto non-zerovalues— afeature
termed’spontaneousspin-up’ [2]. This total spin-upof the fluid is directly associatedwith the self-organizationof the
flow into a singlelargervortex structurethatfills thedomainalmostcompletely. In thenext stageof theflow evolution,
theabsoluteangularmomentum� ������� � showsaveryslow decayto zerofor very latetimes.It is importantto notethatthe
no-slipboundaryconditionis a prerequisitefor thespin-up,astheangularmomentum
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is an irrelevantquantityfor

theflow evolution on a double-periodicdomain.Also, thesquaredomaingeometryis important,spin-upbeingvirtually
absenton a circulardomain[3] or on a long rectangulardomainin which the ’final state’consistsof a linear (domain-
filling) arrayof counter-rotatingcells [4]. Obviously, thechangeof thetotal angularmomentumduringthespontaneous
spin-upis connectedwith theactionof forcesat thedomainboundaries.Numericalsimulationshaverevealedthat— for
thecaseof a squaregeometry— thecontributionof theinviscid normalstress(i.e., thepressure)is muchlargerthanthe
effectsof viscousshearandnormalstresses.

FORCED 2D TURBULENCE

In recentdirectnumericalsimulationsof stochasticallyforced2D turbulentflow on a squaredomainwith no-slipbound-
ary conditionswe alsoobservedspontaneousspin-upbehaviour, althoughremarkablydifferentfrom thedecayingcase.
In theseforcedturbulenceexperimentsoneobservesseveralconsecutiveeventsof rapid increaseanddecreaseof � ������� � ,
oftenwith signreversalof

�������
betweenneighbouringpeaksin � ������� � .

Theevolutionof theflow is governedby thevorticity equation���� ��� ��������� � �����! � �#" (1)

with
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thevelocityvectorand
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thepositionvectoron a squaredomain4 definedby 5�687:9 1 97�;<687:9 3 9=7?> ; furthermore,
� ��%@&����$ACBD ���FEG�H�JILKILM 6 ILNILO is thevorticity componentperpendicularto theflow field,�

is thekinematicviscosity, and " representsthestochasticexternalforcing of theflow. Subjectto theno-slipcondition�H��

ondomainboundary
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on 4 , equation(1) is solvednumericallyusingapseudo-spectral
codebasedonChebyshev expansionsandasemi-implicitAdams-BashforthCrank-Nicolsontime integrationscheme[5].
Theforcing " is modelledasa first orderMarkov process[6]. Thetotal angularmomentum
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of theflow with respect

to thedomaincentreis definedas �������	��Q@RS��%!E��T�	�'UD'V�W�X (2)

A typical exampleof the evolution of the normalisedangularmomentum
�$YZ�����[�\�������(]^� N ����� — where

� N ����� is the
angularmomentumassociatedwith auniformrotationwith kineticenergy _ ����� — duringasimulationwith integralscale
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Figure 1. Evolution of the normalized angular momentum `2acbedgf , showing distinct phases of spin-up.
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(where

k
is the root-mean-squarevelocity and V the domainsize)is shown

in Figure1. It is clearly seenthat — althoughbeingequalto zeroinitially — the angularmomentumtendsto reacha
non-zerovalue,i.e. theflow exhibits spontaneousspin-up.Moreover, severalsignchangesin

� Y
areobservedto occur:

apparentlytheflow reversesabruptlyin thosecases.
In fact, a few different stagescan be distinguishedin the flow evolution: first the flow is showing evidenceof self-
organizationor spin-up,as can be observed from the build-up of a larger circulation cell and the associatedangular
momentum,followed by a relatively rapid destructionof the cell and a dramaticdecreaseof the flow’s total angular
momentum.Subsequently, theflow becomesorganizedagaininto a largercirculationcell — eitherwith thesameor with
oppositerotationdirectionasthepreviouscell. Theno-slipboundariesenclosingtheflow domainplay a crucial role in
therepeateddestructionof theorganizedflow state.Theviscouslayersat thewallscontainoppositely-signedvorticity, as
a consequenceof theno-slipcondition.Oncethelargercell is established,theboundarylayersdetach,giving riseto the
formationof smallervorticesin thecornersof thedomain.Thecornervorticesgraduallygrow in sizeandstrength,and
subsequentlystartto interactwith theflow in the interior. Thecentralcell is thusprogressively eroded,it soonbecomes
unstable,andthenbreaksdown rapidly. At thatstage,theflow hasbecomeirregular, consistingof filamentarystructures
withoutany overall coherence.Subsequentlytheself-organizationprocessmaystartanew, possiblyleadingto aflow cell
with oppositelysignedcirculation.
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