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A SEMI-SHARP PHASE FIELD METHOD FOR QUANTITATIVE PHASE CHANGE
SIMULATIONS

Gustav Amberg
Departmentof Mechanics,KTH, S-10044 Stockholm,Sweden

Summary The standardphasefield model for simulationof phasechangerequiresan asymptoticanalysisin a vanishinginterface
width, in orderto connectthemodelparametersto thesharpinterfaceparameters,which hashamperedthequantitative usefulnessof
themethod.In this talk a modificationof themethodis presented,thatallows thesharpandphasefield parametersto beidentified,in
principlewithout restrictionson themodelparameters.

INTRODUCTION

Thephase-fieldmethod[1, 2, 3] hasbecomevery popularfor simulationsof theevolution of microstructuresin solidi-
fication andotherphasechangeproblems,suchasdendriticgrowth of crystalsin an undercooledmelt. The governing
equationsarederivedfrom thethermodynamicpotentialsof thesystem,togetherwith theassumptionof a surfaceenergy
associatedwith a diffusesolid/liquid interface. It is thuspossibleto considerdifferentphysicalsituationswith relative
ease,suchasgrainboundaries,mixtures,etc. Thephaseis representedby introducinga scalarvariablethathasdifferent
constantvaluesin thesolidandliquid, anda steeptransitionbetweenthetwo in thediffuseinterface.
The problemwith the methodis that in its original form, the width of the diffuseinterfacemustbe prohibitively small
for the resultsto matchtheproperinterfacekinetics,[4, 5], typically
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is thecapillary length,which in typical casescanbein theorderof nanometers(
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temperatureof aflat interfaceatequilibrium,
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surfaceenergy, and
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latentheat).As aremedyto this,KarmaandRappel
[6, 7], introducedthethin interfaceversionof themethod,wherebytheasymptoticanalysisof thephasefield equations
is takento secondorder in interfacewidth, allowing the kinetics to be identifiedunderlessstringentconditions[6, 7].
Also, in thethin interfacelimit thekinetic termcanbeeliminatedfrom theundercooling,if thatis desired.However, the
seeminglymodestextensionof thisanalysisto nonhomogeneousproperties,suchasdifferentdiffusioncoefficientsin the
solidandliquid, requiresnontrivial modificationsof themodelequations,[8, 9].
In this talk the standardphasefield methodis simplified to the point that a relevant reducedproblemcan be solved
analytically. Contactcanthusbemadebetweenthephasefield andthesharpinterfacedescriptions,in principlewithout
restrictionsonthemodelparameters,otherthantheinevitableconditionthattheinterfacewidth is smallcomparedto local
radiusof curvature.

MATHEMATICAL MODEL

For clarity we will describethemodelfor thesimplesituationof thermalsolidificationof a purematerialwith isotropic
Gibbs-Thomsonkineticsat theinterface, ����� 
�� �! � 	" (1)

Here � denotesthenormalspeedof the interface,
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the kinetic coefficient,
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the local radiusof curvature,and
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capillary length. Here,andin thefollowing, we have nondimensionalizedtemperatureaccordingto � 
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lengthswith an(arbitrary)referencelength ) , time with ) ���+* , where

*
is theheatdiffusivity.

As a startingpoint, thephasefield modelis writtenas
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Here . is thephasefield variablewhich is
 �B

in thesolidand � B in theliquid.
�

denotestheinterfacewidth parameter,, will belinkedto thekinetic undercooling,and
@

to thecapillarylength.
Theconservationof heattakestheform:
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Thefunction 4 $ . ' shouldbea doublewell, with minimaat . 
DCEB , 8 ; $ . ' accountsfor thechangein internalenergy on
phasechangeandshouldincreasefrom F to

B
as . goesfrom � B to

 �B
. A standardchoiceis 4 $ . ' 
G$HB � . ' ��$IB� . ' �

and 8 ; $ . ' 
JB2K+�LB2M7$ .ON ��K �QP .�R ��ST . '  UB2� P . Wenotethatthetwo functions4 $ . ' and 8 ; $ . ' areindependent,andthat
thereis a considerabledegreeof freedomin choosingthese.Herewe have alsointroduceda function
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termof equation(2), which in thestandardmodelis
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We now introducethefollowingmodifications:
i) Thefunction 8 ; $ . ' is chosenasa smoothedstepfunction, 8 ; $ . ' 
J$HBW .=X $IB� ZY � ' �L$ . �  5Y � 'H' � P , thatjumpsfrom F
to
B

over aninterval of width [ Y at . 
 F . Themodelwe areinterestedin is thenobtainedin thelimit
Y\
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Figure 1. Sequenceof interfacesfor a developingneedlecrystal, ]�^`_�ab_+ced?afcgcecgah_+c i . Thetotalsizeof thedomainis 10 x 10.

ii) In orderto evaluatethekineticsof themodelexactly, wechooseasimplerform of 4 $ . ' , i.e 4 $ . ' 
J$ . � B ' � for .kj F ,
and 4 $ . ' 
D$ .  lB ' � for . � F .
iii) With thesechoicesof 4 $ . ' and 8 ; $ . ' , an explicit function

> $h@ � � ' 
nm� @ � � X o  V$h@ � � ' � , will give linear Gibbs-
Thomsonkinetics,alsofor largevaluesof
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We will view the interfaceasbeinggiven by thecontourgeneratedby . 
 F , i.e. the interfaceis ’sharp’in this sense.
With thechoicesin i)-iii), a reducedproblemcanbeformulated,see[10], assuminga profile of . thatis translatingwith
a quasi-constantshape,in thepresenceof mild curvature,i.e.
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. This canbesolved exactly to yield a relation

betweeninterfacetemperature,curvatureandspeedat the positionwhere . 
 F . By comparingwith Gibbs-Thomson
kinetics,eq(1), wecannow identify thephasefield andthesharpinterfaceparametersas
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SAMPLE COMPUTATION

To illustratethepracticaluseof themethod,we simulatedatypical caseof solidificationwith anundercoolingof 0.5, i.e.�?q 
 � FLr K , andthesharpinterfaceparameters
� 
sB+B2t r K and

� 	 
 F7r F+F B+B2uLB . We alsoincludedanisotropyby letting
thesurfaceenergy varyby a factor
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beingtheanglebetweenaninterfacenormalandthepreferred

growth direction.Thevalueof theanisotropyparameterwas
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@
and , aredetermined

from
�

and
� 	

anda desiredwidth of thetransitionregion, here
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This casewasdeliberatelychosenwith a quite thick interface,i.e.,

@
considerablylarger thanunity. Figure1 shows the

interfaceobtainedwith
�}
 F7r F P asit developsfor timesfrom F to F7r M . Theshapeevolvesinto a typicalneedlecrystal,

wherethetip attainsanearlyparabolicshapeandaconstantspeed.A directcomparisonof thetemperatureobtainedat the
interfaceandthatpredictedfrom equation(1) shows a very goodagreement.This computationwasmadeusingadaptive
finite elementsimplementedusingour toolbox femLego [11]. In the talk additionalexamplesandapplicationswill be
presentedastime andresultsallow.

CONCLUSION

In summary, we have presenteda few simplemodificationsof thestandardphasefield modelthatwill allow thecorrect
kineticsto be simulatedwith quite thick interfaces.The only restrictionsarein termsof numericalresolution,andthat
radii of curvatureshouldbelargerthaninterfacewidths.Themodelpresentedretainsits connectionto thethermodynamic
derivation of phasefields, giving hopethat it can be appliedto many differentsituations. The presentedmethodcan
perhapsalsobeviewedasan intermediatebetweendiffuseinterfacephase-fieldformulationsandpropersharpinterface
or level setmethods.
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