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Summary The standardohasefield modelfor simulationof phasechangerequiresan asymptoticanalysisin a vanishinginterface
width, in orderto connectthe modelparameterso the sharpinterfaceparametersyhich hashamperedhe quantitatve usefulnesof
the method.In this talk a modificationof the methodis presentedthatallows the sharpandphasefield parameterso beidentified,in
principlewithout restrictionson the modelparameters.

INTRODUCTION

The phase-fieldnethod[1, 2, 3] hasbecomevery popularfor simulationsof the evolution of microstructuresn solidi-
fication and other phasechangeproblems,suchasdendriticgrowth of crystalsin anundercoolednelt. The governing
equationsarederivedfrom thethermodynami@otentialsof the systemtogethemwith the assumptiorof a surfaceenegy
associatedvith a diffuse solid/liquid interface. It is thus possibleto considerdifferentphysicalsituationswith relative
easesuchasgrainboundariesmixtures,etc. The phasds representedy introducinga scalarvariablethathasdifferent
constantaluesin thesolid andliquid, anda steeptransitionbetweerthetwo in thediffuseinterface.

The problemwith the methodis thatin its original form, the width of the diffuseinterfacemustbe prohibitively small
for the resultsto matchthe properinterfacekinetics,[4, 5], typically W* << df, whereWW* is the interfacewidth, and
d} = cT,,v/L? is the capillary length,which in typical casescanbein the orderof nanometergc is specificheat, 7,,,
temperaturef aflat interfaceat equilibrium,y surfaceenegy, and’ latentheat).As aremedyto this, KarmaandRappel
[6, 7], introducedthethin interfaceversionof the method,wherebythe asymptoticanalysisof the phasefield equations
is takento secondorderin interfacewidth, allowing the kineticsto be identified underlessstringentconditions[6, 7].
Also, in thethin interfacelimit thekinetic termcanbe eliminatedfrom the undercoolingjf thatis desired.However, the
seeminglymodestextensionof this analysisto nonhomogeneoysropertiessuchasdifferentdiffusioncoeficientsin the
solid andliquid, requiresnontrivial modificationsof the modelequations[8, 9].

In this talk the standardphasefield methodis simplified to the point that a relevant reducedproblemcan be solved
analytically Contactcanthusbe madebetweenthe phasefield andthe sharpinterfacedescriptionsin principle without
restrictionsonthemodelparametersytherthantheinevitableconditionthattheinterfacewidth is smallcomparedo local
radiusof curvature.

MATHEMATICAL MODEL

For clarity we will describethe modelfor the simple situationof thermalsolidificationof a pure materialwith isotropic
Gibbs-Thomsorkineticsattheinterface, p
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HereV denoteghe normalspeedof the interface,i: the kinetic coeficient, R the local radiusof curvature,andd, the
capillary length. Here,andin thefollowing, we have nondimensionalizetemperatureiccordingto § = ¢(7T — T.,,)/ L,
lengthswith an (arbitrary)referencdength /, time with /72/«, wherex is the heatdiffusivity.
As a startingpoint, the phasdield modelis written as
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Here¢ is the phasdield variablewhichis +1 in thesolidand—1 in theliquid. W denotegheinterfacewidth parameter
7 will belinkedto thekinetic undercoolingand to thecapillarylength.
Theconserationof heattakestheform:
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Thefunction f(¢) shouldbe a doublewell, with minimaat¢ = +1, gs(¢) accountdor the changen internalenegy on
phasechangeandshouldincreasdérom 0 to 1 as¢ goesfrom —1 to +1. A standarcthoiceis f(¢) = (1 — ¢)*(1 + ¢)?
andgs(¢) = 15/16(¢°/5 — 26%/3 + ¢) + 1/2. We notethatthetwo functionsf(¢) andgs(¢) areindependentandthat
thereis a considerable@legreeof freedomin choosingthese. Herewe have alsointroduceda function 2(Af) in the last
termof equation(2), which in the standardnodelis 2 (Af) = 6.

We now introducethefollowing modifications:

i) Thefunctiongs(¢) is choserasa smoothedstepfunction,gs(¢) = (14 ¢/ (1 + 82)/ (42 + 62))/2, thatjumpsfrom 0

to 1 over aninterval of width ~ § at ¢ = 0. Themodelwe areinterestedn is thenobtainedin thelimit § = 0.




Figure 1. Sequencef interfacedor adevelopingneedlecrystal,t = 0,0.1, ...,0.6. Thetotal sizeof thedomainis 10x 10.

ii) In orderto evaluatethekineticsof themodelexactly, we choosea simplerform of f(¢),i.e f(¢) = (¢ —1)* for ¢ > 0,
andf(¢) = (¢ + 1) for ¢ < 0.

iii) With thesechoicesof f(¢) and gs(¢), an explicit function A(A0;) = 1A0;+/8 + (A6;)%, will give linear Gibbs-
Thomsorkinetics,alsofor large valuesof A4.

We will view the interfaceasbeinggiven by the contourgeneratedy ¢ = 0, i.e. theinterfaceis 'sharp’in this sense.
With the choicesin i)-iii), areducedproblemcanbeformulated,see[10], assuminga profile of ¢ thatis translatingwith
a quasi-constarghapejn the presencef mild curvature,i.e. R >> W. This canbe solved exactly to yield a relation
betweeninterfacetemperaturegcurvatureand speedat the positionwhere¢ = 0. By comparingwith Gibbs-Thomson
kinetics,eq (1), we cannow identify the phasdield andthe sharpinterfaceparameterasy = WA/r, dg = W/ .

SAMPLE COMPUTATION

To illustratethe practicaluseof the method we simulateda typical caseof solidificationwith anundercoolingof 0.5, i.e.

f = —0.5, andthe sharpinterfaceparameterg = 117.5 anddy, = 0.001191. We alsoincludedanisotropyby letting

the surfaceenepy vary by afactor(1 + ecos(44)), with § beingtheanglebetweeraninterfacenormalandthe preferred
growth direction. Thevalueof theanisotropyparametewase = 0.04. Thephasdield parametera andr aredetermined
from p andd, anda desiredwidth of thetransitionregion, herelt” = 0.02, whichgivesA = 16.792 andr = 0.002858.

This casewasdeliberatelychosenwith a quite thick interface,i.e., A considerablyjtargerthanunity. Figure 1 shows the

interfaceobtainedwith 1/ = 0.02 asit developsfor timesfrom 0 to 0.6. The shapeevolvesinto a typical needlecrystal,
wherethetip attainsanearlyparabolicshapeanda constanspeed A directcomparisorof thetemperatur@btainedatthe

interfaceandthatpredictedfrom equation(1) showvs a very goodagreementThis computationvasmadeusingadaptve

finite elementamplementedusingour toolbox femLego [11]. In the talk additionalexamplesand applicationswill be

presentecstime andresultsallow.

CONCLUSION

In summarywe have presentech few simple modificationsof the standardohasefield modelthatwill allow the correct
kineticsto be simulatedwith quitethick interfaces.The only restrictionsarein termsof numericalresolution,andthat

radii of curvatureshouldbelargerthaninterfacewidths. Themodelpresentedetainsits connectiorto thethermodynamic
derivation of phasefields, giving hopethat it canbe appliedto mary differentsituations. The presentednethodcan

perhapsalsobe viewed asanintermediatebetweendiffuseinterfacephase-fieldormulationsandpropersharpinterface
or level setmethods.
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