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1. Introduction 

 Processes with moving contact line are crucial for many applications in coating, printing, 

painting, detergency, and membrane emulsification. The most studied are the cases, when the 

motion of the contact line on a solid surface is strained by some external force or potential 

gradient, including processes of liquid deposition on a moving or porous substrate; see refs 1–14 

and the literature cited therein. In contrast, in the case of diffusional mechanism, observed for oily 

drops detaching from a solid surface in water,15,16 the contact-line motion occurs spontaneously, at 

a nonzero contact angle, driven by some molecular mechanisms, say, water and surfactant diffuses 

between the oil and solid. The velocity of the latter process is much lower than in the case of 

conventional spreading (zero contact angle, see e.g. ref 17) or superspreading.18 

Several mechanisms have been discussed in the literature in relation to the cleaning of 

solid surfaces from oily deposits. The most popular of them are the roll-up, emulsification, and 

solubilization.19-26 Depending on the specific system, one or another mechanism can prevail. From 

a practical viewpoint, it is important to reveal the physicochemical factors that can be used for 

efficient control of the cleaning process, some of them being the type and concentration of the 

used surfactants and electrolytes.15,16,27-31 Technologically oriented experiments on detachment of 

oil drops from solid substrates were carried out by Dillan et al.,21 who obtained much data about 

the efficiency of the roll-up mechanism. The experiments indicate that the apparent “roll-up” is 

related to a shrinking of the three-phase contact line solid-oil-water, which, in its own turn, is due 

to the molecular penetration (diffusion) of water molecules between the oil drop and the solid 

phase.15 The latter process was termed the diffusional mechanism of oil detachment. Chatterjee 

investigated the critical conditions for buoyancy-induced detachment of oil drops from a substrate 

due to instability in the shape of the oil-water interface.32,33 

Wasan et al.,15 investigated the detachment of crude-oil drops from glass in solutions of 

1 wt % C16-alpha-olefin-sulfonate + 1 wt % NaCl. These authors observed directly the dynamics 

of water-film penetration between the oil phase and the solid. Once such a disjoining aqueous film 

has been formed, even a weak shear flow is able to detach the oil drop from the substrate. The 

study in ref 15 is related to the enhanced oil recovery; however, similar mechanism can be 

operative also for oil-drop detachment in other applications of detergency.  
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Our previous study, ref 16, was directed toward analyzing the mechanism of spontaneous 

detachment of oil drops from solid surfaces in solutions of ionic surfactants. We carried out direct 

microscopic observations of the cleaning process for hydrophilic glass surface, in an attempt to 

reveal the main stages of the oil drop detachment. Our attention was focused on the balance of 

forces at the moving three-phase contact line. In such cases, a line friction force has to be included 

in the Neumann-Young force balance at the contact line.34,35 Analyzing the experimental data, we 

found that this friction force is proportional to the velocity of contact-line motion. From the slope 

of the respective linear regression, the line friction coefficient was determined for the investigated 

specific system.16 

The physical origin of the line friction force, and its importance for various processes with 

dynamic contact lines, was discussed in a number of studies by Blake, de Coninck et al.,10,35-41 

Attard,34 and von Bahr et al.42 In our experiments16 we found that the relaxation of the contact 

angle toward its equilibrium value is impeded and decelerated by the line friction force. Thus, it 

turns out that the magnitude of the line friction coefficient, β, determines the rate of shrinking of 

the contact line, and consequently, the overall time of oil-drop detachment. (In a similar way, the 

bulk viscosity of a liquid determines the velocity of a falling heavy ball.) Hence, the value of β, 

and its dependence on the experimental conditions, represents a problem of scientific and practical 

importance, which deserves a more detailed investigation. 

The present paper is a continuation of our previous study (ref 16) in two aspects. First, we 

examine systematically the effect of the most important factors: temperature, surfactant and salt 

concentrations, on the dynamics of drop detachment. Second, we develop a quantitative 

theoretical model, which enables us to fit the experimental dependence of the contact radius on 

time, and to determine the values of the involved physicochemical parameters.  

 The paper is organized as follows. In section 2 we describe the experimental system and 

method. The experimental results are presented and discussed in section 3. The theoretical model 

is described in section 4. Finally, section 5 is devoted to the comparison of theory and experiment, 

and to data interpretation. The results reveal that the penetration and diffusion of water in a thin 

layer on the solid surface could be rather important for the dynamics of oil-drop detachment. 
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2. Experimental Section 

In our experiments, the oil phase was pure hexadecane (Aldrich). The water phase was an 

anionic surfactant solution. We used two surfactants, sodium dodecyl sulfate (SDS), product of 

Merck), and C16-alpha-olefin sulfonate (AOS), technical product ‘Hostapur OSB’ of Clariant. As 

inorganic electrolyte we used pure NaCl. In the experiments, we investigated the role of three 

factors: (i) surfactant concentration; (ii) NaCl concentration and (iii) temperature. 

 We applied a simple experimental setup, which is sketched in Figure 1. A square glass 

plate, 22×22 mm, representing a plane-parallel microscope slide (manufactured by Menzel-

Glaser), serves as a substrate. To avoid irreproducible variations in the surface properties of the 

glass, in each experiment a new slide was used directly as received from the manufacturer, 

without any previous treatment. The slide was positioned horizontally, on two rectangular glass 

holders in a cuvette. The slide was pressed down by two other glass pieces (3 in Figure 1).  

 

 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Scheme of the experimental cell: 1 – glass plate; 2 – oil droplet ≈ 1 µl; 3 – glass 
holders; 4 – surfactant solution; 5 – syringe; 6 – cuvette. 
 
 
 Initially, on the dry glass plate we place a hexadecane drop (of volume ≈ 1 µl) by means of 

a micro-syringe. This drop is left to stay for about 10 minutes, to achieve stronger adhesion to the 

substrate. Then, we add surfactant solution of volume 20 ml. It is loaded in a syringe (5 in Figure 

1) and flows slowly through its needle to cover the drop as gently as possible. It is important to 

adjust the horizontal level of the glass slide, so that the liquid is wetting it uniformly in all 

directions. Often, a part of the drop detaches immediately after its contact with the surfactant 

solution (necking instability due to the buoyancy force), but a residual (smaller) oil drop remains 

on the substrate. Further, we observe and record the evolution of this residual drop – see the 

illustrative photos in Figure 2. In all experiments, with the elapsed time the contact line shrinks, 
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the oil-solid contact area decreases, and the drop becomes vertically elongated under the action of 

buoyancy (pendant-drop-type profile). At the final stage (Figure 2, last photo) a neck is formed. 

Next, the drop detaches very fast. Usually, the drop detaches completely, without formation of a 

new residual drop. 

 

 
 
 
 
 
 
 
 
 
  0 s    27 s    1 min 55 s 
 
 
 
 
 
 
 
 
 
 
    9 min 16 s          21 min 49 s          1 h 6 min 45 s 
 
 
 
 
 
 
 
 
 
 
 1 h 30 min 55 s       2 h 5 min 55 s          2 h 12 min 20 s 
 
 
Figure 2. Consecutive photos of the spontaneous detachment of a hexadecane drop from a 
horizontal glass plate immersed in a solution of 20 mM SDS + 0.1 mM NaCl at 23 °C. The drop 
volume is constant, 0.7415 mm3. 
 
 The observation of the drop profile was performed from the side, through the wall of the 

glass cuvette. A horizontal microscope, equipped with an objective of long focal distance, was 

applied for this purpose. A digital CCD camera (Kappa CF 8/1 DX) and VCR (Samsung SV-

4000) were used to record the pictures. For most systems, we performed three independent runs 
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monitoring the time evolution of the shape of three drops with different sizes, from the moment of 

adding the aqueous solution until the eventual drop detachment. This process takes place at fixed 

volume of the drop. In other words, the solubilization of oil by the micelles in the investigated 

surfactant solutions is negligible. This was checked by experiments with single drops, applying 

the method described in ref 43.  

Images of the drop shape were continuously taken by the CCD camera and recorded. 

Pictures, corresponding to consecutive moments (like those in Figure 2), were digitized, assigning 

coordinates to a number of points on the drop profile. An example is given in Figure 3. Then, the 

experimental points are fitted with the Laplace equation of capillarity. The best fit is shown by 

continuous line in Figure 3. Details about the processing of the drop profiles are given in section 3 

of ref 16. From the Laplace fits, we obtained the values of the contact radius, rc, contact angle, α 

(see Figure 3) and the oil/water interfacial tension, σ, as functions of time, t. In fact, the 

determination of σ from the drop profile is analogous to the known pendant drop method, or to the 

axisymmetric drop shape analysis; see e.g. ref 44.  

It should be noted that the occurrence of the drop detachment depends strongly on the state 

of the glass surface. In control experiments, we kept the glass plates immersed in pure water for 1 

hour (instead of using them dry, without any pretreatment). After that, the plates were dried for 5 

min in a vacuum drier and used in the experiments. Instead of the slow process in Figure 2, we 

observed that the hexadecane drops detach immediately from such glass substrates. The latter 

behavior can be attributed to the penetration of water molecules in a thin layer (‘gel layer’) on the 

surface of these glass plates, which have been pre-immersed in water.16  

 

3. Experimental Results and Discussion 

 3.1. Effects of Surfactant, Electrolyte and Temperature. Figures 4–7 show 

experimental data for the time dependence of the contact radius, rc, and angle, α, for hexadecane 

drops (like that in Figure 2). In each figure, the data for rc and α, denoted with identical symbols, 

correspond to the same drop. Every experimental point is obtained from a digitized drop profile, 

like those in Figure 3. In Figures 4a–7a the symbols denote the experimental rc, while the solid 

lines connect the respective theoretical values of rc, obtained by fitting the data with the help of 

the model described in section 4. Discussion about the comparison of theory and experiment is 

given in section 5.2 below. 
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(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 
 
 
 
 
Figure 3. Digitized profiles of two photos of the same drop, taken at different moments. The 
hexadecane drop has volume of 1.377 mm3, and is placed in a solution of 20 mM SDS + 0.1 mM 
NaCl. The theoretical line is drawn by fitting of the experimental points by means of the Laplace 
equation, see ref 16. From the fit we determine the contact radius, rc, the contact angle, α, and the 
oil-water interfacial tension, σ.  
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Figure 4. Effect of SDS concentration on the detachment of hexadecane drops from glass: 
Experimental data (a) for the contact radius, rc, and (b) for the contact angle, α, plotted vs. time; 
the initial moment, tin, corresponds to the first experimental point. The NaCl concentration is 
0.1 mM and the temperature is 23 °C.  
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(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Effect of AOS concentration on the detachment of hexadecane drops from glass: 
Experimental data (a) for the contact radius, rc, and (b) for the contact angle, α, plotted vs. time; 
the initial moment, tin, corresponds to the first experimental point. The NaCl concentration is 
100 mM and the temperature is 23 °C.  
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(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) 
 
 
 
 
 
Figure 6. Effect of NaCl concentration on the detachment of hexadecane drops from glass: 
Experimental data (a) for the contact radius, rc, and (b) for the contact angle, α, plotted vs. time; 
the initial moment, tin, corresponds to the first experimental point. The AOS concentration is 
6 mM and the temperature is 23 °C.  
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Figure 7. Effect of temperature on the detachment of hexadecane drops from glass: Experimental 
data (a) for the contact radius, rc, and (b) for the contact angle, α, plotted vs. time; the initial 
moment, tin, corresponds to the first experimental point. The AOS and NaCl concentrations are 
6 mM and 316 mM, respectively.  
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Figures 4–7 show that initially rc and α decrease fast, but later their variation slows down. 

Most probably, such behavior is caused by a decreasing (relaxing) imbalance of the interfacial 

tensions at the three-phase contact line (see eq 3.2 below). At the final stage of the process, the 

contact line radius rc becomes so small that a neck begins to form, see Figures 2 and 3b. In 

Figures 4b–7b, the necking is manifested as an increase of α at the last stage of drop evolution, 

just before the drop detachment from the substrate. The contact angle, α, varies (decreases and 

increases) during the whole process, without reaching any equilibrium value, αeq. In this respect, 

the present data differ from our previous experimental results (see ref 16), where α leveled off at a 

constant value, which could be interpreted as the equilibrium value of α. We believe that the 

difference is due to the different types of glass plates used in the two experiments as substrates. 

On the other hand, the shape of the obtained rc(t)-dependencies is similar in the two experiments 

(here and in ref 16).  

 Figure 4 shows data for four hexadecane drops at four different surfactant (SDS) 

concentrations. Figure 5 shows similar data, but for different concentrations of AOS. In general, 

one sees that the time needed for drop detachment decreases with the rise of surfactant 

concentration. Figure 6 demonstrates that the electrolyte concentration has a strong effect on the 

drop detachment time: the latter significantly decreases with the rise of the NaCl concentration. 

Finally, Figure 7 indicates an analogous effect of temperature: the drop detachment is faster at 

higher temperatures.  

 Note, however, that the detachment time depends not only on physicochemical factors, 

such as the temperature, surfactant and salt concentrations, but also on a geometrical factor: the 

drop volume (longer detachment for bigger drops). For this reason, the detachment time is not an 

appropriate physical characteristic of the process dynamics. As mentioned above, it is difficult to 

carry out experiments with drops of identical volume. (After pouring the surfactant solution, some 

part of the oil drop spontaneously detaches due to a necking instability, and we perform the 

experiment with the residual drop, whose volume is different in different runs.) Therefore, it is 

better to characterize the dynamics of drop detachment with parameters, which are independent of 

the drop volume. The theoretical analysis of the above experimental data, indicates that the 

penetration time, tp, and the line friction coefficient, β, are independent of the drop volume, and 

are adequate dynamic characteristics of the investigated process (see below). 
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 3.2. Discussion of the Experimental Dependencies. Coming back to the experimental 

results, we should note that all values of the contact angle α in Figures 4–7 are dynamic (non-

equilibrium). At fixed drop volume, V, the value of the contact radius, rc, unequivocally 

determines the value of the contact angle, α. Indeed, purely geometrical considerations give the 

dependence V = V(rc,α), which can be represented also in the form α = α(V,rc). The latter 

dependence can be easily derived for a spherical oil-water interface (see e.g. eq 4 in ref 37), but 

analogous dependence exists also for a drop profile which is deformed by gravity (“pendant drop” 

profile); the latter can be computed numerically, by integration of the Laplace equation.16 In other 

words, the measured dynamic contact angle, α, is a purely geometrical characteristic (determined 

by the position, rc, of the shrinking contact line), in contrast with the equilibrium contact angle, 

αeq, which is a physical parameter, related to the interfacial tensions through the Young equation: 

σos = σws + σeq cosαeq,         (3.1) 

where σos and σws are the interfacial tensions of the boundaries oil-solid and water-solid. It should 

be noted that the Young equation can be derived based on both energy and force considerations, 

the two approaches being equivalent. In particular, the force interpretation of σos and σws stems 

from the works of Gibbs,45 who coined the term “superficial tensions” for them. By definition, the 

superficial tension opposes every increase of the wet area, without any deformation of the solid, in 

the same way as σow opposes every dilatation of the interface between the two fluids. From this 

viewpoint, the superficial tensions σos and σws can be interpreted as surface tensions, i.e. forces 

per unit length. Thus, the Young equation has the meaning of a tangential projection of a vectorial 

force balance per unit length of the contact line. Correspondingly, the normal component of the 

meniscus surface tension, σow
 sinα, is counterbalanced by the bearing reaction of the solid 

substrate. 

The experimental variation of α (Figures 4–7) is caused by the spontaneous movement of 

the contact line and decrease of rc, which, in its own turn, is due to the imbalance of the interfacial 

tensions at the contact line. The force balance per init length of a moving contact line includes also 

the line viscous friction, which exactly compensates the imbalance of the interfacial tensions 

under quasi-stationary conditions:16,37 

oswsow
c cos σσασβ −+=
td
rd

       (3.2) 

where β is the line friction coefficient. The appearance of a line friction force, β(drc/dt), can be 

attributed to the circumstance that during the contact line motion, oil molecules are taken out of 
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potential wells at the solid surface, and replaced by water molecules, accompanied with 

dissipation of kinetic energy in the zone of the contact line.16,35  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8. A typical plot of drc/dt vs. σowcos(α): experimental data for a hexadecane drop attached 
to a glass substrate in a solution of 6 mM AOS + 316 mM NaCl at T = 23 °C. The line is a guide 
to the eye. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 9. A possible model of the spontaneous detachment of an oil drop from a glass substrate in 
surfactant solution. Water molecules from the gel layer at the glass-water interface penetrate by 
diffusion the glass-oil interface (in the close vicinity of the contact line) and alter the local values 
of the two superficial tensions, σws and σos, which, in their turn, affect the force balance at the 
contact line. 
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Note that the imbalance of the interfacial tensions (the right-hand side of eq 3.2) 

determines the rate of motion of the contact line, drc/dt (the left-hand side of eq 3.2). Moreover, if 

the friction term, β(drc/dt), is sufficiently large (as found in our previous study16), then it will not 

allow the imbalance of tensions to relax quickly. Instead, the contact line will move relatively 

slowly, hindered by the viscous friction.  

In ref 16, we established that the data for detaching oil drops agree very well with eq 3.2. 

Assuming that σws − σos was constant, we plotted drc/dt vs. σowcosα, and obtained a linear 

dependence. From its slope we determined the line friction coefficient, β; see eq 3.2. We applied 

the same, relatively simple procedure to the data in Figures 4–7. Unfortunately, we found that in 

the present case (different glass substrates) the dependence of drc/dt on σowcosα is not linear; a 

typical example is shown in Figure 8. The situation is similar for all studied solutions and 

temperatures.  

A closer inspection of Figure 8 reveals the reason for the non-linear dependence. For the 

right-hand side experimental points, we have drc/dt ≈ 0, but the contact angle α continues to vary 

(σow is constant). According to eq 3.2, this could happen only if the difference σos − σws is not 

constant, but varies with time in the present series of experiments. Such a behavior could be a 

consequence of the formation of a gel layer on the glass surface in contact with water. The latter 

idea serves as a basis for the development of a theoretical model in the next section.  

 

 4. Theoretical Model 

 4.1. Physicochemical Background. Let us first consider a possible mechanism of 

penetration of the oil-glass interface by water as the likely cause of the continuing detachment 

process. There are many experimental indications that water may dissolve or diffuse into and 

swell the glass (and silica) surface, forming a surface gel layer.46-54 This effect has been detected 

in surface-force measurements,50,52,54 and in experiments on adsorption of macromolecules on 

glass.53 As a part of the dissolution process, water may break silicon-oxygen bonds and form a 

hydroxylated surface.54 In addition, the formation of a gel layer may include an ion exchange 

process, in which protons replace sodium ions at the glass surface.47,49,53 A swelling of the surface 

layers has been directly detected with some glasses in humid atmosphere by analytical methods: 

the surface area is increased by at least 10 times, micropores appear, and clusters are formed on 

the interface.51 Coming back to our system, we could hypothesize that water molecules in the gel 

layer at the water-glass interface, can penetrate, by diffusion, the oil-glass interface, at least in a 
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close vicinity of the contact line (Figure 9). The presence of water molecules in the surface layer 

of the plate would alter the values of the two superficial tensions, σws and σos, which, in their turn, 

would affect the force balance expressed by the dynamic Young equation, eq 3.2. The resulting 

uncompensated force would drive the spontaneous shrinking of the contact line. Below, we give a 

quantitative description of the water diffusion in the substrate’s surface layer (Figure 9). 

 4.2. Diffusion of Water in the Surface Layer. We introduce a cylindrical coordinate 

system with z-axis, which coincides with the axis of symmetry of the drop; see Figure 10. We 

consider a layer of thickness, a, at the solid surface, where the gel layer develops due to the 

penetration of water. This layer could be divided into two separate regions: region 1 at the water-

glass interface (rc < r < ∞), and region 2 at the oil-glass interface (0 ≤ r < rc); r is the radial 

coordinate. We denote by c1(r,t) and c2(r,t) the concentrations of water in regions 1 and 2: 





<<
>

=
c2

c1

0for),(
for),(

),(
rrtrc

rrtrc
trc        (4.1) 

The formation of gel layer is described as increase of the concentration of water, c(r,t), with the 

time, t, up to a maximal equilibrium concentration, ceq. In our model, the thickness, a, of the 

considered thin surface layer is assumed to be constant, and the diffusion of water is supposed to 

be in radial direction, i.e. c1 and c2 are independent of z.  

 To quantify the mass balance of water in region 1, we select a ring-shaped volume of the 

surface layer, which is confined between radii r and r + dr (Figure 10). The variation of the 

number of water molecules in the considered elementary volume is equal to the algebraic sum of 

the incoming and outgoing fluxes of water: 

p
1 2)(2)()(22 QrdrrraQdrraQdrr
t
cardr ππππ +−++=

∂
∂     (4.2) 

Here, Q(r + dr) is the incoming diffusion flux of water through the outer wall of the ring, while 

Q(r) is the outgoing diffusion flux through the inner wall; Qp is the influx of water molecules 

penetrating through the upper boundary of the ring (the water-glass interface). The division of eq 

4.2 by 2πardr, followed by the transition dr→0, yields: 

a
Q

rQ
rrt

c p1 )(1
+

∂
∂

=
∂
∂         (4.3) 

We will use standard expressions for the diffusion and penetration fluxes:55 
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Figure 10. Illustration of eq 4.2, expressing the mass balance of water in the gel layer. The z-axis 
of the coordinate system coincides with the axis of symmetry of the oil drop; r is the radial 
coordinate, and rc is the radius of the three-phase contact line.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 11. Schematic dependence of the concentration of water in the surface layer of glass, c, on 
the distance to the contact line, r − rc; cb is the value of c at the contact line; the latter serves as 
boundary between regions 1 and 2; δ characterizes the width of the transition zone between the 
two regions; c∞(t) is the limiting value of c in region 1, far from the transition zone; ceq is the 
value of c for a glass surface, which is equilibrated with water. 

region 1region 2

ceq

0

cb

c∞ ( )t

r-rc

c

+-
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r
cDQ

∂
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= 1           (4.4) 

)( 1eqmp ccQ −= α          (4.5) 

where D is diffusion coefficient, ceq is the equilibrium concentration of water in the gel layer, and 

αm is a mass-transfer coefficient. The substitution of eqs 4.4 and 4.5 into eq 4.3 gives a partial 

differential equation for c1(r,t): 

)(1)( 1eq
p

11 cc
tr

c
r

rr
D

t
c

−+
∂
∂

∂
∂

=
∂
∂

       (4.6) 

which is valid for r > rc and t > 0; here tp = a/αm.   

The mass balance of water in region 2 of the gel layer is similar, with the only difference 

that the last term in eq 4.6 is missing because there is no penetration of water through the upper 

boundary (through the oil-solid interface):  
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r
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t
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(t > 0). The boundary conditions at the contact line are: 

)(),(),( bc2c1 tctrctrc ≡=         (4.8) 

r
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=
∂
∂ 21    at   r = rc        (4.9) 

Here cb(t) is the concentration of water molecules at the boundary, r = rc, between the regions 1 

and 2; eq 4.9 expresses the equality of the diffusion fluxed at this boundary. We have two 

additional boundary conditions at infinity and at the axis of symmetry: 

01 =
∂
∂

∞→rr
c ,   0

0

2 =
∂
∂

=rr
c       (4.10) 

Moreover, we assume that at the initial moment, t = 0, there was no water in the considered layer 

on the solid surface.  

 First, let us find the asymptotics of c1(r,t) far from the contact line (r >> rc), where the 

diffusion term in eq 4.6 (that containing D) is negligible. In this limiting case, the solution of eq 

4.6 reads 

)()]exp(1[
p

eq1 tc
t
tcc ∞≡−−≈   (r >> rc)    (4.11) 
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see Figure 11 for the notation. In the limit t→∞, eq 4.11 gives c1→ceq, which means that 

eventually the gel layer equilibrates with the water phase.  

To find the variation of c1 close to the contact line, it is convenient to introduce the 

auxiliary function: 

)(),(),( 1δ1 tctrctrc ∞−≡         (4.12) 

where c∞(t) is defined by eq 4.11. The substitution of eq 4.12 into eq 4.6 yields the following 

simpler equation for c1δ: 
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        (4.13) 

The major variation of the concentration of water in the considered surface layer happens in the 

vicinity of the contact line (around the point r − rc = 0 in Figure 11). Let us denote the 

characteristic width of this zone by δ. To describe the variation of c1δ there, it is convenient to 

replace the variables (r,t) with new variables (x,τ) as follows: 

2
c /;/)]([ δτδ ttrrx =−=        (4.14) 

In terms of the new variables, the derivative in the left-hand side of eq 4.13 can be expressed as 

follows: 
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Then, with the help of eqs 4.14 and 4.15, we can represent eq 4.13 in the form: 

1δ
p

2
1δ

c
c

1δcδ1 ])/1[(
/1

1 c
tx

c
rx

xrx
D

x
c

dt
drc δδ

δ
δ

τ
−

∂
∂

+
∂
∂

+
+

∂
∂

=
∂

∂
   (4.16) 

We do not know in advance the value of the diffusivity, D, of water in the gel layer. For this 
reason, we checked (against the experimental data) the predictions of different versions of the 
model: with fast, slow and stationary diffusion. It turned out that only the case of fast diffusion 
(eq 4.17) compares well with the experiment. In this case, the characteristic diffusion rate, D/δ, is 
much greater than the rate of contact-line motion, drc/dt, which leads to small width, δ, of the 
transitional zone around the contact line, and to small value of the ratio δ/tp: 

δ
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δ ; 

δ
δ D
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p

      (4.17) 

In view of the latter relationships, eq 4.16 acquires the following simpler approximate form: 
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Likewise, using eqs 4.14 and 4.17, we present eq 4.7 in the form: 
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With the help of Laplace transform, from eqs 4.18 and 4.19 we derive: 

)exp(~~
bδ1 D

sxcc −−= , )exp(~~
b2 D

sxcc =      (4.20) 

where the Laplace transforms are denoted by tilde: 

)],([),(~
δ1δ1 τxcLsxc ≡ ,     )],([),(~

22 τxcLsxc ≡ ,     )]([)(~
bb tcLsc ≡   (4.21) 

Here s is the Laplace parameter and, as before, cb(t) is the boundary concentration at the contact 

line (x = 0), see eq 4.8. To obtain eq 4.20, we used the boundary condition c2(x=0) = cb, and the 

equality of the diffusion fluxes, eq 4.9. Next, we transform the definition of c1δ, eq 4.12, and in 

the result we substitute x = 0:  

)]([)(~),0(~
bδ1 tcLscsc ∞−=         (4.22) 

On the other hand, setting x = 0 in eq 4.20, we get )(~),0(~
bδ1 tcsc −= . Substituting the latter 

expression into eq 4.22 we obtain )]([5.0)(~
b tcLtc ∞= . Finally, we apply the inverse Laplace 

transformation and substitute eq 4.11: 

)]exp(1[
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In principle, eq 4.23, together with eq 4.20, gives the solution of the considered diffusion 

problem. Because we are interested in the force balance at the contact line, it turns out that eq 4.23 

is sufficient to quantify the effect of water diffusion on the contact-line motion. We recall that eq 

4.23 is derived for the case of slow motion and narrow transition zone (see eq 4.17), which 

corresponds to our experimental situation. (The latter fact is checked by comparing the theoretical 

model with the experiment; see below.)  

 4.3. Description of the Contact Line Motion. In general, the superficial tensions, σws and 

σos, depend on the concentration of water molecules, cb, in the surface layer at the contact line. To 

quantify the latter dependence, we will assume that the simple Henry law for surface tensions is 

satisfied: 
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bwswsws )0( cλσσ −= , bososos )0( cλσσ +=      (4.24) 

where σws(0) and σos(0) are the respective values for a dry solid surface, while λws and λos are 

coefficients of proportionality. The substitution of eqs 4.23 and 4.24 into the equation for contact-

line motion, eq 3.2, yields: 
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where we have introduced the notation: 

2
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λλγ +≡          (4.26) 
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wsoswsos
c

λλσσσ ++−≡∆       (4.27) 

γ and ∆σ are parameters of our model. Note that in view of eqs 4.24 and 4.27 we have 

)2/()2/( eqwseqos cc σσσ −≡∆        (4.28) 

i.e. ∆σ is the difference between the superficial tensions for a half-equilibrated surface layer of 

glass. (The relative importance of the three terms in the right-hand side of eq 4.25 is discussed in 

section 5.2 below.) Furthermore, we recall that the dependence α(t) is known from the 

experiment, see Figures 4b, 5b, 6b and 7b. Then, eq 4.25 can be integrated to derive the 

theoretical time-dependence of the contact-line radius: 
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    (4.29) 

where rc(0) is the contact radius at the initial moment, t = 0; t̂  is an integration variable.  

 

 5. Comparison of Theory and Experiment 

5.1. Principles of the Procedure for data Processing. We do not know the experimental 

value rc(0), because some time (different in different runs) elapses between the moment t = 0 

(when the solution has been poured in the experimental cell), and the initial moment, tin, when the 

video-record of the drop detachment has started. This difficulty can be overcome by a special 

construction of the procedure of data processing, as explained below. First, we substitute t = tin 

into eq 4.29, and subtract the result from eq 4.29: 
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∆t ≡ t − tin,  A = γ exp(−tin/tp)      (5.2) 

Here, ∆t is the experimental time: we have ∆t = 0 at the moment of video-record beginning. The 

experimental points in Figures 4a–7a have coordinates (∆ti, ri
exp), where ri

exp is the experimental 

value of rc at the moment ∆ti. The corresponding theoretical value, ri
th = rc(tin+∆ti), is given by eq 

5.1. The contact radius at the initial moment, rc(tin), the oil-water interfacial tension, σow, and the 

contact angle, α(t), are known from the experiment. Thus, four unknown parameters remain in eq 

5.1: β, ∆σ, A and tp. They can be determined from the best fit of the experimental dependence rc 

vs. ∆t. With this end in view, it is convenient to represent eq 5.1 in the following form: 
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(i = 1, 2, …, N), where βσ /ow1 ≡b , βσ /2 ∆≡b , and β/p3 Atb ≡  are adjustable parameters; N 

is the number of experimental points; F1, F2 and F3 are functions defined as follows: 
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The values of F1 were calculated for each ∆ti from the experimental data for the contact angle α 

vs. time in Figures 4b–7b; the trapezium rule for numerical integration was employed; see ref 56. 

To fit a given experimental curve, rc vs. ∆t, like those in Figures 4a–7a, we first assume a 

tentative value of the parameter tp. With the latter value we calculate F3(∆ti) by eq 5.4. Next, 

applying the least squares method, we consider the following merit function: 
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The fit of the data is facilitated by the fact that ri
th, given by eq 5.3, is a linear function of the 

parameters b1, b2, and b3. The values of the latter three parameters, which minimize Φ (for a given 

tp), can be obtained as the solution of the following linear system of three equations: 
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(k = 1, 2, 3). We solve this linear system directly, using the Cramer’s rule. Thus, we determine 

b1(tp), b2(tp) and b3(tp). Now, eq 5.5 gives Φ as a function of a single parameter, tp. The resulting 

function Φ(tp) is minimized numerically, by means of the Levenberg-Marquardt method, see ref 

57. Finally, we calculate the parameters of the model: 

1ow / bσβ = ,  2bβσ =∆ ,  p3 / tbA β=     (5.7) 

For all processed experimental curves, the minimum of Φ(tp) was well pronounced and accurately 

determined. This is an argument in favor of the adequacy of our theoretical model. Another 

argument is the behavior of the determined adjustable parameters (for different, independently 

processed experimental curves rc vs. ∆t) as functions of the temperature, surfactant and salt 

concentrations.  

 The results from the data fits are reported in the next subsection. Let us mention in 

advance that by definition, the parameter A depends on the randomly defined initial moment, tin, 

see eq 5.2. For this reason, the values of A should be scattered, i.e. they are not expected to 

depend systematically on the temperature, surfactant and salt concentrations. In fact, this is what 

we obtained for A from the fits. In contrast, β, tp, and ∆σ are physical parameters, which are 

expected to depend in a systematic manner on the temperature, surfactant and salt concentrations. 

The latter anticipation is confirmed by the results from the fits (see Tables 1–4). 

5.2. Numerical Results and Discussion 

As mentioned above, the points (symbols) in Figures 4a–7a denote the experimental rc, 

while the solid lines connect the respective theoretical values of rc, obtained by fitting the data as 

described in section 5.1. Figures 4a–7a indicate excellent agreement between the theoretical 

model and the experiment. This is seen also from the relatively small values of the standard 

deviation of the fits, which is given in the last columns of Tables 1–4. The standard deviation is 

(Φmin/N)1/2, where Φmin is the minimum value of Φ, corresponding to the best fit (see eq 5.5). 

 The values of the hexadecane-water interfacial tension, σow, given in Tables 1–4, are used 

as input parameters when fitting the data for rc vs. time. As explained in section 2, σow was 

determined by fitting the drop profile with the Laplace equation (see Figure 3). From different 

photos of the same drop at different stages of detachment (like those in Figure 2), we determined 

the same value of σow, which can be identified as the equilibrium σow. In other words, the 

dynamics of surfactant adsorption at the oil-water interface is so fast, that this process ends before 

the beginning of our measurements. In addition, the variation of the oil-water area during the drop 
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detachment is much slower than the rate of establishment of adsorption-desorption equilibrium at 

the oil-water interface. This is evidenced also from the constancy of σow in Tables 1 and 2, at 

various surfactant concentrations. Such a behavior is typical for the surface/interfacial tension of 

surfactant solutions above the critical micelle concentration (cmc), see e.g. ref 58. It is well known 

that the kinetics of surfactant adsorption is very fast above the cmc. One can check that the data in 

Table 3 imply that σow decreases linearly with the rise of ln(CNaCl), which is also a typical 

behavior due to adsorption of Na+ counterions; see e.g. ref 59 [CNaCl is the concentration of NaCl]. 

Finally, the data in Table 4 indicate that σow decreases linearly with the rise of temperature, as it 

should be expected.17  

Table 1. Effect of SDS concentration on the system parameters at 0.1 mM NaCl and 23°C 

SDS (mM) σow (mN/m) β (Pa.s) tp (s) ∆σ (µN/m) st. dev. (mm)

20*  7.7 20.7 1568 38.1 0.032 

20** 7.7 20.9 1582 38.0 0.028 

40    7.5 18.1 1100 38.4 0.026 

80    7.4 15.2 745 38.2 0.029 

100    7.5 15.1 691 38.9 0.028 

 

      *Drop of volume 0.7415 mm3.    **Drop of volume 1.142 mm3. 

 As noted above, all experiments have been carried out with hexadecane drops, whose 

volume was different in different runs. The values of the parameters β, tp and ∆σ, determined 

from the best fits, turned out to be independent of the drop volume, as it must be expected, having 

in mind the physical meaning of these parameters (see above). As an illustration, the first two 

rows of Table 1 compare data for two hexadecane drops of different volumes, all other 

experimental conditions being the same. One sees that the determined β, tp and ∆σ have very 

close values for these two drops. 

Table 2. Effect of AOS concentration on the system parameters at 100 mM NaCl and 23°C 

AOS (mM) σow (mN/m) β (Pa.s) tp (s) ∆σ (µN/m) st. dev. (mm) 

0.3 3.7 14.9 2450 4.40 0.027 

6 3.6 3.2 1240 7.36 0.024 

50 3.6 2.0 501 7.46 0.016 

250 3.6 1.6 261 7.56 0.017 
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 In fact, here we present the first systematic measurements of the line friction coefficient, β, 
for solid-water-oil systems. In our previous study,16 β = 1.6 Pa.s was determined at some specific 
experimental conditions for a glass-water-oil system. Values of β of the same order, as well as 
greater values, are determined in our present study, depending on the experimental conditions; see 
Tables 1–4 and Figures 12 and 13. At our best knowledge, the only other experimental value of 
the line friction coefficient, so far mentioned in the literature, is β ≈ 4.5 Pa.s, which was 
determined in ref 39 for water drops (with 75 % dissolved glycerol) that are spreading over a 
Teflon substrate (the third phase is air). 

Table 3. Effect of NaCl concentration on the system parameters at 6 mM AOS and 23°C 

NaCl (mM) σow (mN/m) β (Pa.s) tp (s) ∆σ (µN/m) st. dev. (mm) 

1 6.6 48.7 4457 30.4 0.027 

3.16 5.8 35.3 3635 25.0 0.024 

10 5.1 20.2 1784 19.2 0.025 

31.6 4.4 9.0 1325 13.4 0.023 

100 3.6 3.2 1240 7.4 0.024 

316 2.9 3.1 1200 4.2 0.022 

 

Table 4. Effect of temperature on the system parameters at 6 mM AOS and 316 mM NaCl 

T (oC) σow (mN/m) β (Pa.s) tp (s) ∆σ (µN/m) st. dev. (mm) 

20 3.10 5.46 2414 5.93 0.030 

23 2.94 3.10 1200 4.20 0.022 

25 2.86 3.04 1168 4.32 0.026 

30 2.74 2.92 946 4.50 0.014 

34 2.58 2.34 797 4.46 0.022 

38 2.47 0.38 245 2.70 0.023 

 

 The data in Tables 1 and 2 show that the line friction coefficient, β, and the penetration 
time of water into the surface layer of glass, tp, decrease with the rise of surfactant concentration. 
This effect is very pronounced in Table 2: both β and tp decreases 9.3 times when the AOS 
concentration is increased from 0.3 to 250 mM. Likewise, the data in Table 3 indicate that β and tp 
decrease also with the rise of NaCl concentration: β decreases about 16 times and tp – about 4 
times when the salt concentration rises from 1 to 316 mM. It is remarkable also that β and tp vary 
in a similar manner when the temperature, surfactant and salt concentrations are varied, see 
Figures 12 and 13.  
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         (a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
         (b) 
 
 
 
 
 
Figure 12. Effect of surfactant concentration on the line friction coefficient, β, and penetration 
time, tp. (a) Solutions of SDS with 0.1 mM NaCl. (b) Solutions of AOS with 100 mM NaCl. The 
values of β and tp are determined from the fits of experimental data for hexadecane drops at 
temperature 23 °C.  
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Figure 13. Line friction coefficient, β, and penetration time, tp, determined from the fits of 
experimental data for hexadecane drops in aqueous solutions containing 6 mM AOS. (a) Effect of 
NaCl concentration at T = 23 °C. (b) Effect of temperature at fixed NaCl concentration, 316 mM. 

NaCl concentration (mM)

1 10 100

Li
ne

 fr
ic

tio
n 

co
ef

fic
ie

nt
,  

β 
 (P

a.
s)

0

10

20

30

40

50

60

Pe
ne

tr
at

io
n 

tim
e,

  t
p 

(s
)

0

1000

2000

3000

4000

5000

β (Pa.s)
tp (s) 

Effect of the NaCl concentration
hexadecane drops

6 mM AOS,  T = 23oC

Temperature,  T  (oC)

16 20 24 28 32 36 40

Li
ne

 fr
ic

tio
n 

co
ef

fic
ie

nt
,  

β 
 (P

a.
s)

0

1

2

3

4

5

6

7

8

Pe
ne

tr
at

io
n 

tim
e,

  t
p 

(s
)

0

1000

2000

3000

β (Pa.s)
tp (s)

Effect of the temperature
hexadecane drops

6 mM AOS + 316 mM NaCl



 28

 The above results about the behavior of β and tp call for a more detailed discussion. The 

correlation between β and tp (Figures 12 and 13) is not so surprising because both β and tp are 

related to the penetration of water in the surface layer of the solid substrate. In particular, water 

molecules penetrating in the three-phase contact zone displace the adsorbed oil molecules from 

their potential wells on the solid surface, and thus the contact line advances. The surfactant 

molecules facilitate the detachment of the oil from the glass surface because they cover the newly 

formed oil-water interface (in the zone of three phase contact) and decrease its surface free energy 

(Figure 14). The added salt suppresses the electrostatic repulsion between the surfactant ions and 

thus increases the rate of surfactant adsorption, as well as the equilibrium adsorption. This could 

be a possible explanation for the decrease of the friction coefficient β with the rise of surfactant 

and salt concentrations (Figures 12 and 13). 

 On the other hand, tp is a property of the interface solid-water, unlike β that is a 

characteristic of the three-phase contact zone. The bare glass-water interface is negatively 

charged60 and the anionic surfactants do not adsorb on glass. For this reason, it seems unclear how 

the surfactant and salt could affect the penetration time of water in the surface layer of glass, tp. 

We could propose two possible explanations.  

 First, experiments show that a thin hydrophobic layer, some kind of gloss, covers the 

surface of the used commercial glass slides. Indeed, the initial contact angle in our experiments is 

140°–160° (hydrophobic substrate), see Figures 4b–7b and the first photo in Figure 2. This 

hydrophobic coverage can be removed by immersion of the slide in sulfochromic acid. However, 

the acid-treated glass plates became so hydrophilic that the adherent hexadecane drops detached 

very fast after pouring the surfactant solution in the experimental cell (Figure 1). Such hydrophilic 

plates were inappropriate for our experiments because we were unable to record a regular process 

of drop detachment, like that in Figure 2, due to the high speed of the process. For this reason, we 

used the slides directly, as received from the manufacturer, without any previous treatment. 

Hence, the detected effect of surfactant and salt on the water-penetration time, tp, is most probably 

related to their role for hydrophilization or removal of the hydrophobic coverage on the glass 

surface.  

 Second, after the retreat of the oil, some oil molecules could remain adsorbed at the glass-

water interface. The surfactant micelles should solubilize that residual oil, thus accelerating the 

penetration of water into the surface layer of glass. Moreover, it is known that the salt lowers the 

electrostatic barrier to micelle contact with the oil, and promotes the solubilization process.43  
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Figure 14. Surfactant molecules can facilitate the detachment of the oil from the glass surface 
because they cover the newly formed oil-water interface (in the zone of three phase contact) and 
decrease its surface free energy. 
 

Our model is not in conflict with the model by Garoff et al.31 about a possible carryover of 

surfactant ahead of the contact line. Indeed, when water molecules penetrate along the boundary 

between solid and oil (Figure 14), surfactant molecules could also enter the formed thin water film 

to decrease its surface energy against the oil. Note that oil drops can detach from a glass substrate 

even in pure water (without any surfactant), but the process is slower. Hence, in our case, the 

presence of surfactant is not a precondition for penetration of water molecules between glass and 

oil, but when present the surfactant accelerates this process. On the other hand, if the substrate is 

essentially hydrophobic, and there is no development of a gel layer, the presence of surfactant in 

the water phase, and its carryover ahead of the contact line,31 could be a necessary condition for 

occurrence of spontaneous drop detachment. 

 The effect of temperature on the line friction coefficient, β, and the water-penetration time, 

tp (Table 4 and Figure 13b) is easier to understand, insofar as the temperature is known to reduce 

the viscous effects and accelerate the diffusion processes. In our specific experiment, the rise of 

the temperature from 20 to 38 °C decreases 14 times β, and reduces 10 times tp (Table 4). This is a 

considerable effect, which demands the drop-detachment experiments to be carried out in a 

thermostated cell in order to get reproducible results.  

 Finally, the difference, ∆σ, between the superficial tensions, defined by eq 4.28, turns out 

to be rather small, between 3 and 39 µN/m; see Tables 1–4. Because ∆σ was determined from the 

coefficients of the linear fit with the help of eq 5.3, we were able to estimate its experimental 

error. The estimate indicates that the obtained ∆σ-values are reliable, irrespective of their low 

magnitude. The determined relative errors of β and ∆σ are typically about 1 %. For example, for 
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the last line of Table 4 (that with the smallest β and ∆σ) we estimated β = 0.379 ± 0.004 Pa.s and 

∆σ = 2.70 ± 0.02 µN/m.  

 The fact that we are able to determine ∆σ accurately from the experimental data indicates 

that ∆σ, despite its small value, has an essential effect on the contact line motion. Indeed, taking 

values ∆σ ≈ 38 µN/m and β ≈ 20 Pa.s from Table 1, we obtain ∆σ/β ≈ 1.9 µm/s. If this term were 

dominating the variation of the contact radius, rc, see eq 4.25, we would have ∆rc ≈ (∆σ/β)∆t = 7.6 

mm for ∆t = 4000 s; see Figure 4a. However, the typical variation ∆rc in our experiments is about 

ten times smaller (Figure 4a). Hence, the negative term with ∆σ in eq 4.25 is to a great extent 

counterbalanced by the two other terms in eq 4.25, both of them being positive for α < 90°. In 

other words, the three terms in the right-hand side of eq 4.25 have the same order of magnitude, 

and none of them can be neglected. 

The value of ∆σ indicates what would be the equilibrium contact angle at half-developed 

gel layer (see eqs 3.2 and 4.28): 

ow2/1 /cos σσα ∆=          (5.8) 

Because ∆σ/σow << 1, eq 5.8 implies that α1/2 ≈ 90°. As seen in Figure 2, the experimental, non-

equilibrium contact angle is α > 90° at the earlier stages of drop detachment, while α < 90° at the 

later stages. Unfortunately, we cannot determine the parameters in eq 4.24 from our fit, and 

consequently, we could not determine the equilibrium contact angle at fully developed gel layer 

(c = ceq). If eventually a water film is formed between glass and oil, then the equilibrium value of 

α would be very small, close to zero. 

 6. Summary and Conclusions 

 In the present paper, we report experimental data and theoretical model for the dynamics 
of detachment of hexadecane drops from a solid substrate (glass plate) in aqueous solutions 
containing anionic surfactant and salt. The influences of temperature, surfactant and salt 
concentrations on the motion of the three-phase contact line (solid-water-oil), and on the dynamic 
contact angle, are investigated (Figures 4–7). We found that the mentioned three factors 
considerably affect the detachment process.  

A drift (decrease) of the quasi-equilibrium contact angle (Figure 8) indicates that the 
surface of the solid plate becomes increasingly hydrophilic at contact with the water phase. This 
result gave a clue, which helped us to find a possible explanation of the experimental facts. 
Indeed, our data indicates that hydrophilization of the initially hydrophobic thin-layer coverage of 
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the used glass slides occurs in contact with the surfactant solution. In addition, the penetration of 
water could lead to formation of a gel layer on the glass surface. In both cases, water molecules 
can propagate by lateral diffusion in a thin layer on the surface of the solid plate (Figures 9 and 
10). Thus, water molecules could penetrate also along the oil-solid boundary, as it has been 
supposed in previous studies.15 The imbibition of water by the substrate alters the solid-oil and 
solid-water interfacial tensions in the zone of three-phase contact (eq 4.24). Consequently, the 
balance of tensions at the contact line will be also affected. Under dynamic conditions, this 
balance involves the line friction force, β(drc/dt); see eq 3.2.  

In this way, the developed theoretical model contains two kinetic parameters: the line 
friction coefficient, β, and the characteristic time, tp, of water penetration into the substrate’s 
surface layer. The contact-line velocity is determined by the interplay of these two effects: The 
driving force of the detachment process, viz. the imbalance of the interfacial tensions at the 
contact line, is engendered by the water penetration, while the line friction force compensates this 
imbalance and determines the stationary speed (eq 4.25). First, we solved the problem about the 
lateral diffusion of water in the substrate’s surface layer, and derived a useful formula for the 
water concentration in the contact-line zone (eq 4.23). Next, the dynamic Young equation (eq 
4.25) was integrated to determine the theoretical dependence of the contact radius on time, rc(t); 
see eq 4.29. The latter is employed to fit the experimental data, and to determine β and tp as 
adjustable parameters (Tables 1-4).  

Excellent agreement between theory and experiment has been achieved (Figures 4a–7a). 
The obtained parameter values exhibit a systematic dependence on the temperature, surfactant and 
salt concentration (Figures 12 and 13) that can be interpreted in the frame of the proposed model 
(section 5.2). In conclusion, the present study specifies the parameters that can be used to 
quantitatively characterize the rate of drop detachment, determines the values of these parameters 
at various experimental conditions, and indicates tools for control of the investigated spontaneous 
process. 
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